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Abstract. We introduce the quantum Gromov-Hausdorff propinquity, a new 
distance between quantum compact metric spaces, which extends the Gromov- 
Hausdorff distance to noncommutative geometry and strengthens J^effel's quan- 
tum Gromov-Hausdorff distance and Rieff el's proximity by making *-isomorphism 
a necessary condition for distance zero, while being well adapted to Leibniz semi- 
norms. We prove that quantum tori form a continuous family for our quantum 
propinquity, and that they can be approximated by finite dimensional C*-algebras 
as well, though these results require different proofs from our previous theorems 
for the quantum Gromov-Hausdorff distance. This work offers a natural frame- 
work for the development of a theory of Leibniz Lip-norms over C*-algebras. 



1. Introduction 

Noncommutative metric geometry is the study of noncommutative generaliza- 
tions of algebras of Lipschitz functions on metric spaces. A fascinating conse- 
quence of the introduction of noncommutative metric data on C*-algebras, en- 
coded in special semuiorms called Lip-norms, is the possibility to define topolo- 
gies on quantum metric spaces, which in turn establishes a framework for new 
forms of approximations and the development of new techniques inspired, in large 
part, by the mathematical physics literature. In this paper, we introduce a new dis- 
tance between quantum compact metric spaces, motivated by the challenge to in- 
corporate the C*-algebraic structure as a component of our hypertopology, and in 
particular, to provide an appropriate foundation for the metric study of C*-metric 
spaces. We offer a solution to the long standing problem regarding the construc- 
tion of a distance which is well-behaved for the class of quantum compact metric 
spaces whose Lip-norms satisfy the Leibniz identity, which includes all important 
examples of quantum compact metric spaces and whose importance has grown 
with the recent progress in research in noncommutative metric geometry. We 
demonstrate that our distance dominates Rieffel's quantum Gromov-Hausdorff 
distance, is dominated by the Gromov-Hausdorff distance when restricted to clas- 
sical metric spaces, and can be seen as a well-behaved form of Rieffel's proximity, 
from which it takes its name. We then prove that quantum tori form a continuous 
family for the quantum propinquity, and that they can be approximated by finite 
dimensional C*-algebras, which require very significant changes to our proof of a 
similar result for the quantum Gromov-Hausdorff distance. In this introduction. 
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we shall place this paper within the larger literature on the subject by distinguish- 
ing our new distance from other constructions and comparing our new results on 
quantum tori with existing research. 

A compact quantum metric space (21, L), as defined by Rieffel ll3Tll32ll is a pair of 
an order unit-space 21 and a densely defined semrnorm on 21, called a Lip-norm, 
whose dual semrnorm induces a metric on the state space ,5^(21) of 21 whose topol- 
ogy is the weak* topology. The classical picture is given by a pair (C(X), Lip) of 
the algebra of R-valued continuous functions on a compact metric space (X, d) 
equipped with the Lipschitz seminorm Lip associated with the metric d. Noncom- 
mutative examples include the quantum tori and other quantum homogeneous 
spaces [31 J, hyperbolic group C*-algebras [28], Dubois- Voilette quantum spheres 
Il24ll , among others. We generalized this structure to quantum locally compact 
metric spaces in [22]. 

Rieffel introduces his quantum Gromov-Hausdorjf distance in [HO], as a generaliza- 
tion of the Gromov-Hausdorff distance IITT1IT21 to compact quantum metric spaces. 
He showed, as a first example, that quantum tori formed a continuous family for 
this metric. The construction of the quantum Gromov-Hausdorff distance pro- 
ceeds as follows: given two compact quantum metric spaces (21, Lgi) and (S, Lrg ), 
we consider the set Adm(L2i, Lsg ) of all Lip-norms on 21 © *8 whose quotients to 21 
and S are, respectively, Lgi and Leg . For any such admissible Lip-norm L, one may 
consider the Hausdorff distance between ^(2t) and ^(*B) identified with their 
isometric copies in ^(2t © *B), where the state spaces ^(21), ^(*B) and ^(21 © ») 
are equipped with the metrics dual to, respectively, Ls^, Lig and L. The infimum 
of these Hausdorff distances over all possible choices of L G Adm(L2t, Lrg) is the 
quantum Gromov-Hausdorff distance between (21, Lgi) and (*B, Leg). 

As an example of an interesting application of this distance, we proved in [20[ 
that we can also use Rieffel's metric to approximate quantum tori by finite di- 
mensional C*-algebras. Our work was motivated by such papers in mathematical 
physics as ^ |27l |41j |26l, where such finite approximations of quantum tori sur- 
faced without any formal framework. Of course, quantum tori are not AF alge- 
bras — rather, the closest form of approximation of this nature, due to Elliott and 
Evans, is that irrational rotation algebras, i.e. two dimensional simple quantum 
tori, are AT algebras, or inductive limits of circle algebras f8\. Thus our work was 
the first construction to provide some evidence that the intuition often encoun- 
tered in mathematical physics could be formalized. Later on, other examples of 
convergence results for Rieffel's metric were established regarding Dubois- Voilette 
quantum spheres [25J and finite dimensional approximations of coadjoint orbits of 
compact Lie groups 1|341|36| . 

The choice to forget the multiplicative structure (or at least, some of it, as the Jor- 
dan products can still be recovered [1]) by working with order-unit spaces rather 
than C*-algebras, allowed for very useful constructions on which a lot of con- 
vergence results mentioned above relied, including our own ]20]. Yet, the price 
for this choice is that Rieffel's distance may be null between two non-isomorphic 
C*-algebras, as long as they are both isomorphic as order-unit spaces and their 
quantum metric space structures are isometric in a well-defined sense ]40]. This 
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weakened form of the desirable coincidence property has sparked quite some ef- 
forts geared toward strengthening Rieffel's metric lfT6l[T7l|23ll25l . In all of these 
approaches, the principle is to replace the state space with an object more con- 
nected to the C*-algebraic structure, such as unital matrix-valued completely posi- 
tive maps HHITTI, or the restriction of the multiplication graph to the Lipschitz ball 
|j23 1 . In general, new techniques need to be devised to show that sequences which 
converge in the quantum Gromov-Hausdorff distance converge in these metrics, 
as they are stronger. However, it is not always clear what these techniques may 
be, as discussed for instance at the end of ||35l Section 2]. It was not immediately 
apparent which construction may fit the future development of the theory best. 

As a parallel development within the field, the importance of the C*-algebraic 
structure became evident as the field of noncommutative metric geometry grew. 
Rieffel's work on convergence for vector bundles [37|, and our own generalization 
of the notion of quantum metric spaces to the quantum locally compact metric 
spaces setup II2TI l22l , are two such evidences. Concretely, the requirement that 
Lip-norms satisfy a strong form of the Leibniz identity has emerged and gener- 
ated a large effort to recast previous convergence results for the quantum Gromov- 
Hausdorff distance within this more stringent framework. Rieffel introduced the 
class of compact C*-metric spaces (2t, L), as pairs of a unital C*-algebra 21 and a 
densely defined seminorm on 21 whose restriction to the self-adjoint part sa(2l) 
of 21 is a Lip-norm, and which satisfies, among various technical requirements, 
that for all a,b E^: 



where || ■ is the norm of 21. The property described by Equation is the 
Leibniz condition, whereas together. Equations HI. It and (|1.2t define what Rieffel 
calls the strong Leibniz condition Il36ll . These additional requirements define a natu- 
ral class of C*-metric spaces, and by keeping the multiplicative structure encoded, 
they provide a natural framework for noncommutative metric geometry. Much ef- 
fort has since been devoted to understanding Leibniz seminorms and their metric 
implications (for instance, 1*371 13611381 [39^1). We expect that some form of the Leibniz 
property will play a role in the theory of quantum locally compact metric spaces, 
which started our own investigations in these matters, resulting in this paper. 

There are two fascinating difficulties with this new approach. First, most origi- 
nal proofs of convergence for the quantum Gromov-Hausdorff distance involved, 
at some point, the use of a Lip-norm which failed to be a strong Leibniz semi- 
norm, or even a Leibniz seminorm — in fact, in the case of quantum tori, much 
work is done on order-unit spaces which are not the full self -adjoint part of a C*- 
algebra. Indeed, to establish the continuity of the family of quantum tori for the 
quantum Gromov-Hausdorff distance, a particular construction, involving contin- 
uous fields of states, leads to a Lip-norm which fails to be Leibniz [40 Proposition 
11.1]. These fields are constructed to deal with the varying norms between differ- 
ent quantum tori. The same construction played a similar role in our own work 



(1.1) 



L{ab) ^ ||fl||2iL(fc) + ||b||2iL(&) 



while, if fl e 2t is invertible: 



(1.2) 
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on finite dimensional approximations of quantum tori [20] . Thus, if one wishes to 
work within the context of C*-algebras and (strong) Leibniz seminorms, then some 
very non-trivial changes must be made. An example of the difficulties involved 
can be found in [36 1, which replaces all non-Leibniz Lip-norms in [34J involved in 
the proof of convergence of matrix algebras to co-adjoint orbits of Lie groups for 
the quantum Gromov-Hausdorff distance, with strong Leibniz Lip-norms built us- 
ing bimodules. This problem provided us with a motivation for the present work 
with the quantum tori, in order to answer what would be the tasks required to 
remove non-Leibniz seminorms from our original proof. As we shall see, this is a 
rather involved matter. 

A second, deeper difficulty, regards the proper theoretical framework to work 
with C*-metric spaces, or more generally, with quantum compact metric spaces 
whose Lip-norm possess a form of the Leibniz property. A natural idea could be 
to require, in the definition of the quantum Gromov-Hausdorff distance which we 
discussed above, that all admissible Lip-norms should be strong Leibniz them- 
selves, and proceed with the construction without changes. Such an approach led 
Rieffel to define the proximity between compact C*-metric spaces in [36 1. How- 
ever, this quantity is not proven to be metric, and in fact, is unlikely to be so. The 
main difficulty is to prove the triangle inequality. Consequently, even if one proves 
convergence of a sequence of compact C*-metric spaces to some limit for Rieffel's 
proximity, it is unclear whether the sequence is Cauchy and this leads to intrigu- 
ing questions 11351 . This is not the first time such problems occur: Kerr already 
faced this problem in fT6]. The main problem can be summarized in the fact that 
the quotient of a Leibniz seminorm is not always a Leibniz seminorm, as was al- 
ready known in ||3l. This pathology in the behavior of Leibniz seminorms makes it 
extremely difficult to find out a proper metric between compact C*-metric spaces. 
Some past suggestions [23J could prove useful, but working with them has proven 
quite difficult as well (see ||35l Section 2]). The problem, it would seem, is that there 
is a gap between the sort of Leibniz Lip-norms one constructs in practice, and any 
available metric on quantum compact metric spaces. 

We offer a solution to this second problem in the present paper. We propose 
a new distance, the quantum Gromov-Hausdorff propinquity, which we intend 
to play the role for which Rieffel's proximity was introduced, with three very re- 
markable benefits. First, our quantum propinquity satisfies the triangle inequality 
by construction. Second, it is an actual distance on compact C*-metric spaces: dis- 
tance zero implies ^-isomorphism and, of course, isometry of the quantum metric 
space structures. Third, our quantum propinquity is constructed to take full ad- 
vantage of the methods developed to work with strong Leibniz Lip-norms. To 
be a little more specific, given two compact quantum metric spaces (2t, Lgi) and 
(*B, Lgj), the construction of an admissible Lip-norm L for (Lgt, Lgg), since the be- 
ginning of the research in this field [40J, typically involves finding a seminorm N 
on 21 © !B, called a bridge HO] Section 5], with sufficient properties so that: 

{a,b) e 21® » I — > max{L^{a),l^{b),N{a,b)} 

is an admissible Lip-norm. When (2t, Lgj) and (S, Lsg) are compact C*-metric 
spaces, it is natural to make the same sort of construction, looking for bridges 
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which satisfy the proper version of the strong Leibniz property. Rieffel's origi- 
nal proposition ||36l is to choose an 2l-*B-bimodule, with the actions of 2t and S 
non-degenerate, an element a; G Q, and a bimodule norm || ■ ||q on Q (i.e. for all 
a G 2l,fo e *B and e Owe have ^ ||fl||a||'7l|n||^||>B)- Then one could try 

to build a bridge of the form: 

Nn,a; : e a®*B I — > 7||fla; - w^^Hn 

for some strictly positive scalar 7. 

While very natural, this idea requires, in order to work, a non-trivial choice 
of bimodule, and to relate what being small in the sense of the seminorm ^ 
implies on the distance between state spaces. Both of these issues can present 
major challenges. 

One may prefer to replace general bimodules in the above construction with C*- 
algebras, both for technical practicality and for the elegance to work only within 
the category of C*-algebras. This is particularly sensible if one would wish to 
preserve the multiplicative structure of compact C*-metric spaces through conver- 
gence, in some sense. It is possible to do so in some known examples [35J, and 
again, this presents interesting problems. 

In our present paper, we use the idea of the construction of bridges based on 
bimodules which are themselves C*-algebras as our starting point. Thus, our 
quantum propinquity is very much motivated, not only by the theoretical need to 
provide a consistent framework for metric noncommutative geometry of compact 
C*-metric spaces, but also by the practical matter of being applicable to known 
and future examples. 

Thus, in summary, this paper proposes a new distance, called the quantum 
Gromov-Hausdorff propinquity, which is designed as a natural distance to work 
with compact C*-metric spaces, and dominates Rieffel's quantum Gromov-Haus- 
dorff distance. We hope that our work presents a solution to the long standing 
problem of working with Leibniz semrnorms in the context of noncommutative 
metric geometry, while remaining practical. Our paper is organized in two sec- 
tions. In a first section, we introduce the quantum Gromov-Hausdorff propin- 
quity, thus named for its relation, in spirit, with Rieffel's proximity. This sec- 
tion first defines the category in which we shall work, which is a subcategory 
of Rieffel's compact quantum metric spaces where all the underlying order-unit 
spaces are in fact the self-adjoint part of unital C*-algebras (rather than some 
subspace of it) and all the Lip-norms satisfy a Leibniz inequality and are lower 
semi-continuous. Then, we define our new distance and prove that it satisfies 
all the required axioms to be a metric. The proof of the coincidence property 
is the central piece of this section. We also show that the quantum propinquity 
dominates the quantum Gromov-Hausdorff distance, thus providing a natural 
interpretation to our distance. We conclude this first section by showing that 
the Gromov-Hausdorff distance dominates our quantum propinquity restricted 
to classical compact metric spaces. 

In the second section of this paper, we prove continuity and convergence results 
for quantum tori and fuzzy tori. The work in this paper complements, rather than 
replaces, our work in Il20ll , as our focus is the introduction of the new techniques 
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required to work with our quantum propinquity, while we make full use of prior 
techniques used in [20 1. This section starts with introducing quantum tori and 
fuzzy tori and the basic results we need, including the essential parts from |20]. 
We then construct a family of bridges, in the sense used in the first section, and 
prove our main convergence result. We expect that our proof will serve as a blue 
print for proofs regarding convergences for our quantum propinquity. 

2. The Quantum Gromov-Hausdorff Propinquity 

This section constructs our quantum Gromov-Hausdorff Propinquity on isometry 
classes of Leibniz quantum compact metric spaces, which are compact quantum 
metric spaces whose underlying spaces are described by C*-algebras endowed 
with particular types of seminorms with the Leibniz property. We introduce first 
the category of Leibniz quantum compact metric spaces, and then present our new 
metric, whose main qualities are that *-isomorphism of the underlying C*-algebras 
of Leibniz quantum compact metric spaces is necessary for our distance to be zero, 
while it dominates the quantum Gromov-Hausdorff distance and is built around 
the concept of Leibniz Lip-norms. 

2.1. Leibniz quantum compact metric spaces. We shall use the following nota- 
tions throughout our paper: 

Notation 2.1. We denote the self-adjoint part of any C*-algebra 21 by sa(2l), and 
the unit of a unital C*-algebra as Igi- The norm of any space V is denoted by || • || y 
by default. 

At the root of our work is a pair of C*-algebra and a semrnorm enjoying var- 
ious properties. We start with the most minimal assumptions on such pairs and 
introduce the context of our paper: 

Definition 2.2. A unital Lipschitz pair (2t, L) is a unital C*-algebra 2t and a semi- 
norm L defined on a dense subspace of sa(2l) such that: 

{a e so(2l) : L{a) = 0} = Rl^. 

Whenever convenient, we shall see the semrnorm L of a unital Lipschitz pair 
(2t, L) as defined on sa(2l), with the following convention: 

Convention 2.3. If L is a densely defined seminorm on a space 2t, then we may 
regard L as a generalized seminorm on 21 by setting L(fl) = oo for a G 21 not in 
the domain of L. We shall adopt this convention whenever convenient without 
further mention. Moreover, we adopt the measure-theoretic convention regarding 
computations with oo, namely: roo = oor = oo for all r e (0, oo] while Ooo = ooO = 
0, and r + 00 = 00 + r = 00 for all r e R. 

When necessary, we shall refer to the domain of the seminorm in a Lipschitz 
pair: 

Notation 2.4. Let (21, L) be a unital Lipschitz pair. The domain of L is the set: 
dom(L) = {fl e sa(2t) : L(fl) < oo}. 
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At the core of noncommutative geometry are the quantum metric spaces, de- 
fined in II3TI |32ll by Rieffel in the compact case, and generalized by the present 
author to the locally compact setup in [22]. This paper, though inspired by our 
work on the latter, is concerned with the former. In either situation, the metric 
data encoded by a Lipschitz pair is reflected by the following distance on the state 
space of the underlying C*-algebra: 

Notatiori 2.5. The state space of a C*-algebra 21 is denoted by 

Definition 2.6. The Monge-Kantorovich metric associated with a unital Lipschitz 
pair (21, L) is the distance mkL defined on the state space y[^) of 21 as: 

mkL ■■(p,^> e y{^) I — > sup{|(p(fl) - \p{a)\ : a e sa(2l) and L(fl) ^ 1}. 

Definition ^2.2) of a unital Lipschitz pair is designed precisely so that the as- 
sociated Monge-Kantorovich metric is, indeed, a metric, as one can easily check. 
This metric has a long history and many names, and could fairly be called the 
Monge-Kantorovich-Rubinstern-Wasserstein-Dobrushin metric. It finds its roots 
in the transportation problem introduced in 1781 by Monge, which was later stud- 
ied by Kantorovich, who introduced this metric 114J in 1940. The form we use was 
first given in 1958 by Kantorovich and Rubinstein lITSl . In the context of probability 
theory, Wasserstern later re-introduced this same metric in 1969 [42]. Dobrushin 
lIZ] named this metric after Wasserstein, and also studied the properties of this met- 
ric in the noncompact setting, which was fundamental to our work Il22l . Connes 
suggested in [4, 5] to use Definition (12. 6t to study metric properties in noncom- 
mutative geometry, when L is the seminorm associated with a spectral triple. Our 
choice of terminology is somewhat arbitrary, based loosely on the order of appear- 
ance of this metric, and in line with Rieffel's terminology, when he introduced the 
more general setup of Lip-norms which we use in this paper. 

The fundamental idea of Rieffel [31 32 1 is to match the topology induced by the 
Monge-Kantorovich metric to the natural topology on the state space: 

Definition 2.7. A quantum compact metric space (21, L) is a unital Lipschitz pair such 
that the associated Monge-Kantorovich metric mkL induces the weak* topology on 
the state space ^(2t) of 21. If (2t, L) is a quantum compact metric space, then L is 
called a Lip norm on sa(2l). 

The fundamental example, and motivation behind Rieffel's definition, is the 
classical picture given by compact metric spaces: 

Example 2.8. Let (X, d) be a compact metric space. For any function / : X — > R, 
we define the Lipschitz constant of f as: 



Arzela-Ascoli's Theorem shows that the set {/ : /(xq) = and L(/) ^ 1} is norm 
compact, for any xg G X, and the algebra of real-valued functions with finite Lip- 
schitz constant is dense in sa(C(X)) by Stone-Weierstrass theorem, where C(X) is 
the C*-algebra of C-valued continuous functions on X. From these two observa- 
tions, one proves that the Monge-Kantorovich metric mkL, which is the original 
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Monge-Kantorovich distance, metrizes the weak* topology on the space of Radon 
probability measures on X, which is naturally identified with the state space of 



Another example which will prove important to us in this paper is given by 
quantum homogeneous spaces, and was established by Rieffel at the very start of 
the study of compact quantum metric spaces: 

Example 2.9. | j3T] Let G be a compact group and I be a continuous length func- 
tion on G. Let e be the identity element of G. Let 21 be a unital C*-algebra and 
g G G ^ be a strongly continuous action of G on 21, which is ergodic in the 
sense that: 



where L{a) may be infinite. Then USTl Theorem 2.3] proves that L is a indeed a 
Lip-norm on sa(2l). This result employs the deep fact that ergodic actions of com- 
pact groups on C*-algebras have finite dimensional spectral subspaces 1,13] , and is 
therefore very nontrivial. 

As seen with Example (12. 9t , proving that a given Lipschitz pair is a quantum 
compact metric space is in general difficult. Connes suggested to use Definition 
(|Z6l for a spectral triple (21, ^,D) [5J by setting L{a) = || [D, 7r(fl)] || where the 
norm is the operator norm (allowing for oo), n is the representation of 21 on cho- 
sen for this spectral triple, and D is the "Dirac operator" of the triple. In particular, 
this metric recovers the Riemannian metric on a spin manifold when D is chosen 
to be the actual associated Dirac operator. Rieffel showed in ||3T1 Theorem 4.2] that 
the standard spectral triple on quantum tori provides examples of Lip-norms as 
well. In [4], Connes constructed a spectral triple over C*-algebras C*(G) of dis- 
crete groups G endowed with some length function. Ozawa and Rieffel proved in 
||28l that such a spectral triple construction does lead to a quantum compact metric 
space when G is hyperbolic and the length function is the word-length function for 
a given set of generators. Rieffel proved in [33] that this construction also works 
for G = 1/^ and for quantum tori (i.e. twisted C*-algebras C* (Z'^ a) for 2-cocycles 
(J, see the second section of this paper for an introduction of these C*-algebras). 
The latter paper used Connes' cosphere algebra, for instance. The situation for 
more general groups, let alone more general spectral triples, is open, with only a 
few other known specific examples. In |[22|, we show how the Moyal plane can 
be seen as a quantum locally compact metric space with the proper definition by 
using the spectral triple introduced in IITOl . 

Remark 2.10. Rieffel's compact quantum metric spaces are pairs (21, L) where 2t is 
an order unit space, and L is a densely defined seminorm on 21 which vanishes 
exactly on the scalar multiple of the order unit of 21, such that the Monge-Kantoro- 
vich metric defined by Definition (12. 6t , where ^(21) is meant for the state space of 
21 as an order imit space, metrizes the weak* topology of .5^(21) |l3ll|32l. We shall 



C(X). 



fl {fl e 21 : DLS{a) =a} = Cla. 



Define for all e 21: 
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only work in this paper in the context where the order-unit spaces are, in fact, the 
set of all self-adjoints elements of a unital C*-algebra. As our definition is a special 
case of Rieffel's, we employ a slightly different terminology, where we inverse the 
order of the words quantum and compact, in line with our own terminology in [22J. 

Remark 2.11. If (21, L) is a quantum compact metric space, then the weak* topology 
of .5^(21) is metrizable, and one easily check that this implies in turn that 2t is 
separable. 

A form of Arzela-Ascoli theorem serves as the main characterization of quan- 
tum compact metric spaces. It first appeared in [3T|, at the very root of this theory 
of quantum metric spaces. We present here an equivalent formulation which first 
appeared in ||28l , and which we generalized to the locally compact setting in Il22l 
Theorem 3.10]: 

Theorem 2.12. f28l Let (21, L) be a unital Lipschitz pair. The following are equivalent: 

(1) (21, L) is a quantum compact metric space, 

(2) There exists (p E ^(21) such that the set: 

£ipi(2t, L, cp) = {ae sa(2l) : (p{a) = and L{a) ^ 1} 

is totally bounded for the norm \\ ■ ||sa o/2l, 

(3) For all cp e ^{"21), the set: 

£ipi(2l, L, cp) = {ae sa(2l) : (p{a) = and L{a) ^ 1} 
is totally bounded for the norm \\ ■ Hgi o/2l. 

The purpose of this paper is to introduce a notion of distance on a class of 
quantum compact metric spaces in such a way that, among other properties, two 
quantum compact metric spaces are at distance zero only if their underlying C*- 
algebras are *-isomorphic. To this end, we impose further conditions on Lip-norms 
to control their behavior with respect to multiplication. To keep our framework 
general, and because of inherent difficulties with Lipschitz seminorms of com- 
plex functions (see, in particular, [36, Example 5.4]), we actually work within the 
Jordan-Lie-algebra of self-adjoint elements: 

Notation 2.13. Let 21 be a C*-algebra and a, e 21. The Jordan product \ {ab + ba) 
is denoted hy a®b. We denote the Lie product {cb — ba) = [a, b] of a and b 
by [a, b]^. Thus (sa(2l), ■ ® ■, [■, -J^) is a Jordan-Lie algebra [19, Definition 1.1.2]; in 
particular it is closed under the Jordan product and the Lie product. (We use a 
slightly different Lie product from [19|.) 

Definitiori 2.14. A unital Lipschitz pair (21, L) has the Leibniz property, or equiva- 
lently is called a unital Leibniz pair, when for a,b ^ sa(2l), we have: 




and 
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Remark 2.15. The domain of a Leibniz seminorm for a unital Lipschitz pair is al- 
ways a Jordan-Lie algebra. 

Thus, the seminorm of a unital Leibniz pair satisfies a form of the Leibniz in- 
equality, albeit restricted to the Jordan product and the commutator A natural and 
common source of examples of unital Leibniz pair is: 

Proposition 2.16. Let ^bea unital C*-algehra and Lbea densely defined seminorm on 21 
whose domain is closed under the adjoint operation, such that {a e 21 : L(fl) = 0} = Cl^ 
and, for all a,b & sa(2t), we have: 

L{ab) ^ {\\ayi{b) + \\byi{a)) . 

Then (21, L) is a unital Leibniz pair, identifying L ivith its restriction to sa(2t). 

Proof. First, we note that if a G sa(2l), then a is the limit of a sequence (fln)ne]N ^ 
the domain of L by assumption. Yet, since L is a seminorm and the domain of L 

is assumed self-adjoint, we conclude that ( ""t"" ) lies within the domain of L, 

' V ^ J new 

while still being a sequence in sa(2l) which converges to a. Thus, the restriction of 
L to sa(2t) has dense domain. 
For all a,b E sa(2l) we have: 



Example 2.17. The unital Lipschitz pairs defined in Examples 1 12.812. 9t or constructed 
from spectral triples or derivations |5| are unital Leibniz pairs. 

We now can present the objects of interest for this paper: 

Definition 2.18. A Leibniz quantum compact metric space (21, L) is a quantum com- 
pact metric space (21, L) such that (21, L) is a unital Leibniz pair and L is lower 
semi-continuous. If (21, L) is a Leibniz quantum compact metric space, then we 
call L a Leibniz Lip-norm. 

Example 2.19. Examples I|2.8t , l2.9[ as those constructed, for instance, in Il33ll28l are 
all Leibniz quantum compact metric space. 

Remark 2.20. Let (21, L) be a Leibniz quantum compact metric space. As L is lower 
semi-continuous, the set {a G sa(2l) : L(fl) ^ 1 and (p[a) — 0} is closed, and as L 
is a Lip-norm, by Theorem l|2.12t , the set {a e sa(2l) : (f{a) = and L(fl) ^ 1} is 
totally bounded, and thus compact, for any G (21) . In turn, since (c$^ (21), m kL ) 
is compact metric, and thus bounded by some constant r G R, one checks that 
the set {fl G sa(2l) : ||fl||a ^ randL(fl) ^ 1} is norm compact in sa(2l). Thus 
L is a closed Lip-norm in the sense of [32, Definition 4.5]. Since 21 is a C*-algebra, 
and thus sa(2t) is always complete. Lip-norms are lower semi-continuous if and 
only if they are closed. The main advantage of closed Lip-norms is that they are 
uniquely determined by their associated Monge-Kantorovich metric |32 , Theorem 
4.1] and thus makes the notion of quantum isometry imambiguous. In our context. 




1 (2||fl||2iL(^.) +2||fo||2iL(fl)) = (||fl||2iL(fo) + ||b|kL(fl)), 



and similarly for the Lie product. 



□ 
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starting from Leibniz Lip-norm which is not lower semi-continuous, it is unclear 
whether the lower-semi-continuous Lip-norm one recovers by duality from the 
Monge-Kantorovich metric would be Leibniz. Thus our assumption is natural. 

Remark 2.21. Rieffel introduces the class of compact C*-metric spaces in ||36ll , which, 
using our terminology, are Leibniz quantum compact metric spaces with strong- 
Leibniz Lip-norms, rather than only Leibniz, and with additional requirements 
on the domains of the Lip-norms. Our work applies to this sub-class of Leibniz 
quantum compact metric spaces, as we shall work with bimodule bridges in the 
sense of 1.35.1 , which allow one to construct strong Leibniz Lip-norms, if desired. 
On the other hand, the quantum propinquity is well-behaved within the context 
of Leibniz quantum compact metric spaces, and thus we take this preferred route 
for our exposition. We will discuss several variations of the quantum propinquity 
in this section, which we will call specialized quantum propinquities, which will 
include a specialization to compact C*-metric spaces. 

We now return to the description of our category of Leibniz quantum compact 
metric spaces. We define our notions of morphisms for the objects we have intro- 
duced in Definition | |2.18t . In fact, the category consists of the natural restriction 
of the category of quantum compact metric spaces to the class of Leibniz quantum 
compact metric spaces. 

Definition 2.22. Let (21, Lgi) and (53, Lsg) be two quantum compact metric spaces. 
A quantum Lipschitz morphism O : 21 — )► S is a unital *-morphism from 21 to S such 
that its dual map ^(O) : ^(<B) ^(2t) is a Lipschitz map from (^(*B), mkL^ ) 
to (^(2t), mkL„| ), where mkL^ (respectively mkL^^^ ) is the Monge-Kantorovich met- 
ric associated with (2t, Lgi) (respectively (S, Lsg )). 

It is an easy exercise to check that the composition of two quantum Lipschitz 
morphisms is a quantum Lipschitz morphism, where composition is the usual 
composition of *-morphisms. Thus, a quantum Lipschitz isomorphism is a *- 
isomorphism whose dual map is a bi-Lipschitz function between the state spaces 
metrized by their respective Monge-Kantorovich metrics. A special case of such 
quantum Lipschitz isomorphisms is given by: 

Definition 2.23. Let (21, Lgi) and (S, Lsg) be two quantum compact metric spaces. 
A quantum isometric isomorphism O : 2t ^ S is a ^-isomorphism from 21 onto S 
such that the dual map J5^(cl>) : J^(») ^(2t) is anisometry from (j5^(<B), mkL,^, ) 
onto (=5^(21), mkL,jj), where mki^^ (respectively mkL^) is the Monge-Kantorovich 
metric associated with (21, Lgt) (respectively (*8, Lrg))- 

It is useful to recall that, by ||40l Theorem 6.2], we have the following character- 
ization of quantum isometric isomorphisms: 

Proposition 2.24. Let (2t, Lgi) and (S, Lsg) be two Leibniz quantum compact metric 
spaces. A *-isomorphism <3> : 2t *B fs a quantum isometric isomorphism if and only if 

Lig O <J> = Lgi. 



Proof. Apply flOl Theorem 6.2], since Ltji and Lsg are closed by assumption (see 
Remark ^^). □ 
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Proposition l|2.24^ is the justification for using only lower-semicontinuous Leib- 
niz Lip-norms in this work. 

The definition of the quantum Gromov-Hausdorff distance relies on the notion 
of a quantum metric subspace, which is a quotient object in the category of order- 
unit spaces, endowed with the quotient seminorm from a Lip-norm — which is 
itself a Lip-norm [40]. Unfortunately, the quotient of a Leibniz seminorm may 
not be Leibniz. This difficulty is discussed in ll36l , and was encountered before 
in noncommutative geometry (e.g. [16], [3]). Rieffel proposed in [36[ a notion of 
compatibility between a seminorm and its quotient which would allow the Leib- 
niz property to be inherited by quotient seminorm. However, even this additional 
condition does not appear natural in the category we have just defined. In general, 
sub-objects in noncommutative geometry are a challenge to define, and it would 
appear that Leibniz seminorms, which are tied to the C*-algebraic structures (un- 
like general Lip-norms) exhibit the same reluctance to localize to some "subspace" 
in general. Thus, we take a completely different approach, which simply does not 
need the notion of sub-object at all, and thus fits well within our noncommutative 
framework. 

2.2. The Quantum Gromov-Hausdorff Propinquity. This section is the core of 
our paper, as it introduces and develops the quantum Gromov-Hausdorff propin- 
quity. This distance on the quantum isometric isomorphic classes of Leibniz quan- 
tum compact metric spaces is constructed directly from a notion of bridge, which 
are tools to construct new, Leibniz seminorms. As the Leibniz property is not well- 
behaved with respect to quotient, we avoid taking any quantum sub-object, and 
we also force the triangle inequality in our construction. In exchange, we place 
all the weight of our efforts on proving that our distance is zero exactly when two 
Leibniz quantum compact metric spaces are quantum isometric isomorphic, while 
providing estimates on Rieffel's quantum Gromov-Hausdorff distance and being 
dominated by the classical Gromov-Hausdorff distance on Leibniz quantum com- 
pact metric spaces given by Example (|2.8t . 

As a preliminary tool for our work, we introduce the following notion. 

Definition 2.25. The 1-level of an element a; e J) in a unital C*-algebra D is the 
set: 



A priori, the 1-level of an element may be empty, but we shall only be interested 
in elements with non-empty 1-level in our work. The key purpose of this set for 
us is the following lemma: 

Lemma 2.26. Let be a unital C*-algebra. A state cp e belongs to the 1-level of 

some CO & T), if and only if for all d & D, we have cp{d) = q>{cvd) = cp{da)). 

Proof. Assume that cp E J^\{(jo\ Let d E T). Then, by Cauchy-Schwarz: 




\(p{d) - (pidcv)\ = |<p(i(ls - cv)) 
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The proof is identical to show that cp{iod) = q>{d). 

Conversely, assume given (p G =5^(53) such that q>{d) ~ cp{dco) — cp{d) for all 
d e J). Then in particular, 1 = fi^s) — ^'(^Isi) — f{<^)- Moreover, (p{co*cv) — 
(p{co*) = 1. Thus: 

- L0)*{1^ - co)) = 1- (p{L0) - (p{cO*) + <p{c0*C0) = 0. 

A similar computation shows (p{{ls ~ ~ '^)*) = 0, so cp E Tj{cv). □ 

Remark 2.27. Since, for any element a; of a unital C*-algebra 25, and for any state (p 
in its 1-level, we have ^(o;) — 1, any element with non-empty 1-level has norm at 
least one. 

The fundamental notion on which our construction relies is: 

Definition 2.28. A bridge (2), a;, tt^, tt©) from a unital C*-algebras 2t to another 
imital C*-algebra *8 is a unital C*-algebra D, an element cv e "D with non-empty 
1-level, and two unital *-monomorphisms ZTgi : 21 ^ J) and n<s ^ 2). 

Notation 2.29. For any two unital C*-algebras 21 and *B, the set of all bridges from 
21 to «B is denoted by ,^^(21 05). 

Remark 2.30. The theory developed in this section would carry over if we changed 
the notion of bridge slightly to 4-tuples (23 ( J^), a;, Tigt, ttsjj ), where J^tf is a Hilbert 
space, TTgi and ttsb are faithful non-degenerate *-representations of 21 and *B, re- 
spectively, and a; is a possibly unbounded operator on with non-empty 1-level 
set. On the other hand, we shall try, in our work, to minimize numerical quantities 
associated with bridges which, it would seem, would only get larger by allowing 
unbounded operators. 

To any bridge between unital two C*-algebras, we can associate a seminorm: 

Definition 2.31. The norm of a bridge 7 = (2), cv, TZf^, tzs^) from a unital C*-algebra 
21 to a unital C*-algebra 05 is the seminorm bn-y (■) on 21 © 05 defined for all {a, b) G 
sa(2l©Q5)by: 

bn-y {a,b) = \\ni}i{a)co — coTZ<^{b)\\^ . 

We check easily that, given two unital C*-algebras 21 and 05, for all (a, b), (c, d) G 
21 ® 05 and any bridge 7 = (£>, w, TTgi, 7t<s ) from 21 to 05, we have: 

bn-y {ac,bd) = \\niii{ac)co — coTtfs{bd)\\s 

— ||7r2t(fl)7r2[(c)a; — n(ii{a)con<s{d) 

+ nA{a)a;n<Bid) - a;n<s{b)n<s{d)\\s 
^ Ikll2tl|7r2t(c)'t^ — con(8{d) \\s + \\n(ii{a)co — cc!n(s{b)\\s \\d\\fs 

— ||fl||2tbn^ {c,d) + bn^ (fl,b)||d||!g. 

Thus, bn-y (■) satisfies a form of the Leibniz identity. Now, if (21, Lgi) and (05, Lsg) 
are two Leibniz quantum compact metric spaces, then the seminorm: 

U : {a,b) e sa(2l® 05) 1 — > max{L2i(fl),L!B(l7),rbn^ ia,b)} 

is a Leibniz seminorm for all r > 0. With the right choice of r, the seminorm Lr 
is in fact an admissible Lip-norm for (Lgi, Lsg), and thus (21 ® 05, L^) becomes a 



14 



FREDERIC LATREMOLIERE 



Leibniz quantum compact metric space which can be used to construct estimates 
for the quantum Gromov-Hausdorff distance. This is the starting point for our 
idea of a new metric, and we will take advantage of this observation in Theorem 
l|2.56t below. Furthermore, if Lgi and L23 are strong Leibniz, then can easily be 
checked to be strong Leibniz, by 1361 Theorem 6.2]. This kind of strong Leibniz 
Lip-norm appears explicitly in ||35] . Now, in the last paragraph of 1351 Section 2], 
the challenge of using such Lip-norms to derive interesting estimates on Rieffel's 
proximity or Rieffel's quantum Gromov-Hausdorff distance is raised. We propose 
a solution in this section. 

The main question, now, is: given two Leibniz quantum compact metric spaces 
(21, Lgt) and (58, Lrg), how do we associate numerical values to a bridge as de- 
fined in Definition | |2.28l l, such that these values provide estimates for the quantum 
Gromov-Hausdorff distance? 

A key ingredient to our constructions is given by: 

Notation 2.32. For any Lipschitz pair (21, L), we define: 

£ipi (21, La) = {ae so(2t) : L(fl) ^ 1}. 

We will also use the following notation often: 

Notation 2.33. If 21, D are two unital C*-algebras, and tt : 21 — > 2) is a unital 
*-morphism of C*-algebra, we denote by ,y (tt) the continuous affine map: 

=5^(77) : cp e .y{D) I — > cpoTZ. 

In particular, if tt : 21 ^ S is a *-monomorphism, then ,y{Tz) : o$^(*B) -» ^(21) 
is a surjective weak* continuous affine map. 

At the core of our construction is the notion of the length of a bridge between 
Leibniz quantum compact metric spaces, which is build out of two numerical val- 
ues, which we call the reach and the height of a bridge. We shall use: 

Notation 2.34. For any metric space (E, d), the Hausdorff distance induced by d 
on the set of all compact subsets of E is denoted by hj. If (E, [| ■ ||e) is a vector space 
and d is the distance induced by the norm on E, we denote h,^ simply by ^\\.\\^- 

As usual, if E C 21 for some algebra 21, and a e 2t, then Ea = {ea : e E E} and 
aE = {ae : e G E}. Let (2t, Lgt) be a Leibniz quantum compact metric space, let Tigi : 
21 ^ S be a unital *-monomorphism from 21 into some unital C*-algebra D, and 
let a; G S be given. Let ^21 G ^(21) be fixed. Then, since L21 is a closed Lip-norm, 
the set £ipi(2t. La, = {a G so(2t) : La(fl) ^ 1 and cp%{a) = 0} is compact in 
sa(2t). Consequently, the sets 7ra(£ipi(2l, Lgi, q^a))"^ and a;7Ta(£ipi(2l, La, ^'a)) 
are compact in D. Moreover, since the dual map ^(/ra) : ^(S)) -» ^(21) is 
surjective, there exists ip G ,5^(25) with ip o 7Ta = <pa- 

Now, let (*B, Lfg) be another Leibniz quantum compact metric space, with a 
unital *-monomorphism tz<q : *B ^ S). Let = ip o tz^ and note (p^B G ^(S). 
Since 7Ta(£ipi(2l, La, ^'21))'^ and cvtz<q (£ipi(S, Lfg, (P<q)) are compact in norm in 
S), the Hausdorff distance between them is finite. Let us denote it by S. Now, Let 
b E sa(*B) with La(fc) ^ 1 be given. Then there exists a' E £ipi(2l. La, fa) such 
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that ||7r2i(fl')a; — coTCi^lb — cp<Q (^)) ||s ^ d. Thus, if a = a' + cp<n{a), then we check 
that ||7r2i(fl)(x' — coTis^{b)\\^ ^ d. 

As the situation is symmetric in (21, Lgi) and (03, Lqj), we conclude that the 
Hausdorff distance between the sets {ni2i{a)co : a G £ipi (21, Lgt)} and {coTT<}^{b) : 
b e £ipi (S, Lrg ) } is finite. With this in mind, we define: 

Definition 2.35. Let (2t, L^) and (*B, Lrg ) be two Leibniz quantum compact metric 
spaces. The reach of a bridge 7 = {'D,co, ttsji, tts^) from 21 to *B for (Lgt, Lig) is the 
non-negative real number (7 1 Lsa, Lsg ) defined by: 

h||.||^ (TTai (£ipi (21, La)) cv,wtz^ (£ipi (<B, L>b))) . 

Due to its central importance, we shall pause to provide a more explicit expres- 
sion for the reach of a bridge. Let (2li, Lj) and (2I2, L2) be two Leibniz quantum 
compact metric spaces and let 7 = {D, lo, ti\, tz^, D) be a bridge between 2li and 
2t2. For all {i,k} = 1,2, we define jOy (7|Ls2i, L^j) as: 

sup{rnf{||7ri(fli)a; -a;7T2(fl2)||2) : e -Cipi (%k)} : £ -Cipi (2t;/ L;) }■ 
Then q (7IL21, L23) = max{pi(7|L2t, \-^) , p2h\\-%, L<b)}- 

Remark 2.36. Let (21, L^) and (*B, Ls^) be two Leibniz quantum compact metric 
spaces. Let 7 be a bridge from 21 to S. By Definition | |2.31t and Definition | |2.35l l, 
if fl e so(2l) with \-%{a) = 1 then, there exists b E sa(S) such that Lsg (b) ^ 1 and 
bn-y (fl, b) ^ Q (7IL21, Lig), since the Hausdorff distance between two compact sets 
is "reached" Q- If fl G dom(L2t) is not a scalar multiple of la, then one may find 
b' as above for L^i{a)~^a, and check that ifb = 1^(0)^', we have: 

(2.1) Lqj(&) ^ L2i(fl) and bn^ {a,b) ^ ^ {j\L^, L^)L^{a) . 

Inequation (|2.H is obviously valid for a G Wa as well with b = cp{a)ltQ for any 
f G ^(2t), and thus for all a E dom(La), there exists b G dom(L23) such that 
Inequation l|2.H holds. 

Our second core numerical value associated to a bridge is the essential compo- 
nent in estimating how useful a given bridge is to compute estimates on distances 
between states. Informally, given a bridge 7 = (S), a;, tt, p) from some Leibniz 
quantum compact metric space to another, we wish to know how far co is from the 
identity of S), in some sense. If a; = Ij), then the bridge norm for 7 is given by 
the norm in 3D, and it becomes easy to compute estimates of the distance between 
states based on the bridge norm. In general, we would want lo to be close enough 
to 1 J) to still give relevant estimates. On the other hand, asking ||a; — l© to be 
small is much too strong; it would in particular prevent the proofs in our second 
section of this paper from working. A much more appropriate choice is to use the 
quantum metric structures to introduce a weak form a measurement of the differ- 
ence between co and l© which fits our purpose. This second quantity associated 
to bridges is based on the 1-level introduced in Definition (|2.25|l . which is never 
empty for a bridge. 

Definition 2.37. Let (2t, La) and (*B, Leg ) be two Leibniz quantum compact metric 
spaces. The height of a bridge 7 = (D, co, n<^, ttsb ) from 21 to 05 for (La, Lsg) is the 
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To again clarify our notations somewhat, let (21, La) and {^,Lrg) be two Leibniz 
quantum compact metric spaces, and let 7 = (2), co, n<^, ttsb ) be a bridge from 2t 
to S. Define: 



and define similarly Jffg . By Definition | |2.28l l, the sets J% and are non-empty. 
Moreover, Jfgi and are weak* compact. Let: 



and define ggj similarly. Then c, (7 1 Lgi, Lsg ) is the maximum of gtji and Qtg. We also 
note that if a; = then g (7|L2t, L^s) = 0. 

For our purpose, the proper notion of the length of a bridge is given by: 

Definition 2.38. Let (2t, Lgi) and (*B, Leg ) be two Leibniz quantum compact metric 
spaces. The length of a bridge 7 for ( L21, Leg ) is the non negative real number 
A (7 1 Lsji, Lsg ) defined by: 



We wish to use our notions of bridge reach and height to build a metric on 
Leibniz quantum compact metric spaces. The natural idea is to consider, given 
two Leibniz quantum compact metric spaces (21, Lsji) and (*B, Lsg), the infimum 
of the reach, the height or the length over all possible bridges from 2t to 58. All 
three ideas, however, do not quite give a satisfactory answer. The infimum of the 
reach would be zero in too many cases, as checked on very simple examples. The 
idea of the height of a bridge {'£>,co, tt^, TTrg) is precisely to ensure that, in some 
sense, co is close to the unit of 25 for the purpose of constructing a distance rather 
than a pseudo-distance. Without this, the reach is essentially meaningless in gen- 
eral. However, the height does not satisfy any triangle inequality. Indeed, if one is 
given three Leibniz quantum compact metric spaces (2li, Li), (2I2, L2) and (2I3, L3) 
and two bridges {Tii,LOi, TTi,p2) and (S)2/<J^2/ ^2, Pi), respectively from 2li to 2I2 
and from 2t2 to 2I3, then a natural mean to construct a bridge from 2ti to 2t3 is to 
consider the amalgated free product (£ = -k<}i^ 2)2- If i-j : S)y — >• i£ are the canon- 
ical *-monomorphisms, then the obvious candidate for an "amalgated bridge" is 
{€,coic02,ii o 7Ti,/2 o Pi)- However, two problems arise. First, we have no rea- 
son to expect cvico2 7^ 0, let alone ||<x'iaj'2||£ ^ L Second of all, even under the 
best circumstances, the height of this amalgated bridge would most likely grow 
by an unpredictable amount, as it is very unclear how to relate the 1 -level set of 
CO1OJ2 with the 1-level sets of coi and oJi- This construction, though the natural 
path to attempt a proof of the triangle inequality for the natural ideas of metrics 
introduced at the start of this paragraph, would thus fail to provide the desired 
estimates. However, we shall still work with the same general idea, yet enforcing 
the triangle inequality in our very definition. 




max{^ (7|L2t, L^),g {'y\L'n, L^)}. 
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To address this problem, we introduce the notion of a (finite) paths between two 
Leibniz quantum compact metric spaces, build with bridges: 

Notatiori 2.39. The set IN \ {0} of nonzero natural numbers is denoted by 1N+. 

Definition 2.40. A trek from a Leibniz quantum compact metric space (21, Lt^i) to a 
Leibniz quantum compact metric space (25, L*^) is a «-tuple: 

(21;/ Ij, 7j, L;+i :/ = !,...,«) 

for some n e W+, where (2li, Li) = (21, Lgi), (2t„+i, L„+i) = (*B, L^g), and for all 
/ = {1, . . . , n}, the pair (21^, Lj) is a Leibniz quantum compact metric space and 7^ 
is a bridge between 21^- and 2tj+i. 

Notation 2.41. The set of all treks from a Leibniz quantum compact metric space 
(21, Lgi) to a Leibniz quantum compact metric space (*8, Ls^) is denoted by: 

^((2t,L2i) ^ («,L>b)). 

We can thus define the length of a trek: 

Definition 2.42. The length A (T) of a trek T = (2ty, Lj, jj, 2ty+i, Ly+i : ; = 1, . . . , n) 
is the non-negative real number: 

We now define the core concept of this paper: 

Definition 2.43. The quantum Gromov-Hausdorff propinquity A{{% Lgt), (*B, L<q ) ) be- 
tween two Leibniz quantum compact metric spaces (21, Lgi) and (*B, Leg) is the 
non-negative real number: 

inf{A (T) : r e ^^((2t, L21) ^ (*8, L^))}. 

We shall often refers to the quantum Gromov-Hausdorff propinquity simply as 
the quantum propinquity. 

Our Definition l|2.43t is in fact quite flexible. It is possible to modify it to work 
within any chosen class of quantum compact metric spaces, as long as the Lip- 
norms involve behave well with respect to the multiplication. Here is a simple 
example of such a modification, which may prove useful in further applications. 
All along this section, we will remark that our work applies to these specialized 
propinquities just as well as our main quantum propinquity 

Definition 2.44. Let C be a class of Leibniz quantum compact metric spaces. The 
C-specialized quantum Gromov-Hausdorff propinquity Ac((2l, Lgi), (*8, Lqj)) between 
two elements (21, L21) and (*B, Leg ) of C is the non-negative real number: 

inf{A (T) : r e ^((2t, L^) ^ (», L>b))c}, 

where SZ^{{% La) ^ (*B, Lai))^ is the subset of ^^((21, L21) ^ (*B, L>b)): 

{ (2l^,L^-, 7^-, 2l^+i,L^+i :; = !,..., «) e ^^((2l,L2i) ^ {"^X^)) ■ 

V;e {!,...,« + !} (2l.-,L ) e C}. 
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Example 2.45. A natural choice of a class C in Definition l|2.44^ is the class of com- 
pact C*-metric spaces whose underlying space is a C*-algebra (rather than a C*- 
normed algebra) introduced by Rieffel in [36 1, which are Leibniz quantum com- 
pact metric spaces whose Lip-norms are the restrictions of densely defined, lower- 
semicontrnuous strong Leibniz semrnorms. We can thus work with A^* instead of 
A if one wishes to ensure all Leibniz quantum compact metric spaces involved are 
in fact compact C*-metric spaces. 

Remark 2.46. We note that for any class C of Leibniz quantum compact metric 
spaces, the quantum C-propinquity dominates the quantum propinquity. 

Our purpose is to prove that the quantum propinquity is a distance on classes 
of quantum isometric isomorphic Leibniz quantum compact metric spaces. We 
first check that our quantum propinquity is always real-valued: 

Proposition 2.47. Let (21, Lgi) and (*B, Lfg) be two Leibniz quantum compact metric 
spaces. Then: 

A((2t, Lsi), (*B, L^)) ^ max{diam mkL,^),diam (^(»), mkL,j,) }. 

Proof. Let: 

D = max{diam (j5^(2t), mkL^j), diam (^(S), mkL^ ) }. 

Let be a separable, infinite Hilbert space. Since 21 and S are separable, there 
exists faithful *-representation TTgi and Tig of, respectively, 21 and *B on Let O 
be the C*-algebra of all bounded operators on and let oj be the identity opera- 
tor on Jf. Let J = {CI, CO, U'^, ttsb ) ■ First, note that the 1-level set S£\ [co) is 5^(Vl), 
and thus is nonempty. By Definition | |2.28l l, 7 is a bridge from 21 to 03. Further- 
more, since S^ijif^ and ^(/rsg) are both surjective, by Definition | |2.37t , we have 
e(7|L2i, L25) =0. 

Let f 21 G ^(21). For all !/; e ^(21) and for all a e dom(L2t), we have: 

\ip{a - (p<n{a)h^) \ = \ip{a) - (p^{a)\ ^ L2i{a)mki,^{ip, cp^) 

^ L2i(fl)diam(J^(2l),mkL) ^ l^{a)D, 

hence - (p2i(«)l2i||a < L2t(fl)D. 

Let a e dom(L2i) with Li^{a) ^ 1. Let b = cpgi Then: 

\\TZ^{a)cv - coTZ<:p,{b)\\ci = \\a - cp{a)l-2[\\^ ^ D. 

Similarly, given any (pfg e o5^(Q3), we have \\n<}[{(pfg{b)l<^)LO — Lon(^{b)\\ ^ D for 
all b e dom(L>B) with l<B{b) ^ 1. Hence q (7|La, Lqj) ^ D by Definition <|2.35t . 
Therefore, by Definition (|2.38t , we have: 

'^(7|La/L®) =max{5(7|L2i,L2}),e(7|L2t, \-<b)} ^ D. 

Let F = ((21, L21, 7, *B, Leg)), which is a trek from (21, L21) to («8, Lqj) with the 
same length as the bridge 7 for ( Lgt, Lig ) . Thus by Definitions (|2.42t and (I2.43L we 
have: 

A((2l,L2i),(*B,Laj)) ^ A(F) ^ D, 
as desired. □ 
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Now, we check that by construction, symmetry and the triangle inequality are 
satisfied: 

Theorem 2.48. Let (21, Lgj), (*B, Lsg) and {D, L35) be three Leibniz quantum compact 

metric spaces. We have: 

(1) A((2t,La),(»,L>B)) = A((»,L>b),(21,L2i)), 

(2) A((2l, La), (D, L^)) ^ A((2l, L^), (S, L>b)) + A((», L^), (D, Lg)). 

Proof. As a matter of notations, if (£, a;, n,p) is a bridge from (21, La) to (*8, Lfg), 
then = p, n) is a bridge from (05, Lsg ) to (21, Lgj). Of course: 



A(7-i|L23,La) =A(7|L2i,L23). 



If r = (Ay, Ly, 7y, 2ty+i, Ly+j : / = 0, . . . , «} is a trek from (21, L^) to (*B, Lsg ), 
thenr-^ = (A„+2-y/l-n+2-7/7„+i_y/2l„+i_y,L„+i_y : ; = 1, . . . , n) is a trek from 

(*B, Lsg) to (21, La) by definition, and of course A (r) = A (r~^). This proves that 
our quantum propinquity is symmetric. 

Let Fi and 12 be treks, respectively, from 21 to *B and from S to 2). We write: 

(2.2) Ti = (Ay, Ly, 7y, 2ly+i, Ly+i : / = 1, . . . , m) 
and 

(2.3) r2 = (5By, l;, ^y, 5By+i, V.]^^ : j ^ 1 n2). 

We have (2t„j+i, L„j+i) = (23, L«b) = (*Bi, L^) by definition of treks. Thus, if we 
define for all / G {1, . . . , mi + n2}: 

('(2ly,Ly) if; = !,...,«!, 
\ Ly-„i) if / = ni + 1, . . . , "2 + "1, 



and 



^ _ 7/ if / = 1. • • • . "1/ 

\^y_„jif/ = fIl+l,...,n2 + Wl/ 

and if we write: 

Fi * r2 = (Cy, L^^', Ky, Dy+i, Ly+i : / = 1, . . . , Wi + ^2) 
then Fi * F2 is a trek from 21 to 35. Moreover, by construction, we have: 

A(Fi*F2)- ^ A(KyL;',L;.Vi) 
;=1 

(2.4) "1 "2 / \ 

-E^(T;i^^+i)+E^(^;L-'L;-+i) 
;=1 ;=1 

= A(Fi)+A(F2). 

Now, let £ > 0. By definition of the quantum propinquity, there exists a trek Fi 
from (21, La) and a trek from r2 from (*B, Lsg ) to (£>, Lj) ) such that: 

A(Fi)<A((2l,La),(5B,L<8)) + ^£, 
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and 

A(r2) ^A((»,Lg3),(J),L2,)) + le. 

By Equation jlAl , we have: 

A((2l,L2i),(D,Lj,)) ^ A(ri^r2) 

= A(ri) + A(r2) 

^ A((2t, L21), (55, L23)) + A{{^, l^), (D, L^)) + e. 

As £ > is arbitrary, we conclude that the quantum propinquity A satisfies the 
triangle inequality. □ 

Remark 2.49. For any class C of Leibniz quantum compact metric spaces, the C- 
specialized quantum propinquity also satisfies the triangle inequality and is sym- 
metric, as can be checked using the proof of Theorem (|2.48t , where we simply 
replace the sets J^>^{{-) (•)) with the sets Jyi^>^{{-) — > (•))c- 

The idea to enforce the triangle inequality by taking our metric to be an infimum 
over all possible paths is a standard technique, but it has a price: we must put 
all our efforts in the proof that distance zero is equivalent to quantum isometric 
isomorphism. To this end, we first introduce a natural notion. 

Definition 2.50. An zh'nerary for a trek T = (2ly, L^-, 7^,2l^_|_i, Lj+i : j = l,...,n) 
from a Leibniz quantum compact metric space (21, Lgi) to a Leibniz quantum com- 
pact metric space (S, L(b) is a (« -h l)-tuple = (f/i, . . ., ?/„+i) with ?/y e sa(2ly) 
for all i G {1, ...,« + !}. The itinerary ?/ starts at f/i and ends at //n+i, or equivalent 
is an itinerary /rom rji to rj^j^i. 

Notation 2.51. Let T be a trek from a Leibniz quantum compact metric space 
(2t, Lgt) to a Leibniz quantum compact metric space (S, Lsg ) and let a E sa(2t) and 

b e sa(S). The set of all itineraries from a to is denoted by J^^u^!u«) — !-> . 
The set of all itineraries starting at a is denoted by t^^iz^s^^fe^ [a • j while the 
set of all itineraries ending at h is denoted by ^^^iz**^*^ ^- bj . 

The fundamental property of our quantum propinquity is that it satisfies the 
following strong axiom of coincidence on the quantum isometry classes of Leibniz 
quantum compact metric spaces. 

Theorem 2.52. Let (21, L21) and (*B, L<^) be two Leibniz quantum compact metric spaces. 

V 

A((2t,L2i),(*B, U)) =0, 
then there exists a *-isomorphism /j : 21 — ?• *B such that Ls^ o h = L^. 

Proof. For every e > 0, by Definition | |2.43l l, there exists a trek F^ from (21, La) to 
(*B, Lqj) such that: 

A(re)^^|. 
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For each £ > 0, we fix, once and for all, such a trek T^. We shall need a bit of 
notations moving forward. First, we write: 

By Definition jZiOll , (21, La) = (2t£,i,L£,i) and {'B,L<s) = {'^e,n,+i,\-e,ne+i)- More- 
over, for all j — !,...,«£, we are given a bridge 7^ ^ from St^y to 21^^+1. For all 
/ = !,...,«£, we write = (^ej, i^e,;/ y tl\ ■), where, by Definition (|2.28|l , 
is a unital *-algebra, to^-^ E Di,^j has nonempty 1 -level, while tt'^ : SIe^ ^ S)ej and 
^Ij '■ 21e,;+i ^ ^£,7 are unital *-monomorphisms. 
By Definition l|2.42|l of the length of a trek, we have: 

E'^(T£,;lk;''-E,;+i) ^ o- 

To lighten notations, we set: 

K,j = max I A (TejII-e,;/ U/'+l)' > 0- 

Note that, by Definition (|Z38l , for all ; e {!,..., We}: 

(7£,; |'-£,;/'-£,/+i) ^ Kj' 

(2-5) < e (Te,;! Le,;, ^ Ag^y, 

We start the first phase of our proof, where we construct and analyze the sets of end- 
points of itineraries with a fixed starting point and a hounded bridge length at every step. 

Fix £ > 0. 

Let / e {1, . . . , We}. Let aj G dom(L£j) and r > LEj(fly). Since 

Q (Tejlk// Le,;+i) =^ Kj and L,^j{r''^aj) ^ 1, 
there exists fly+i e sa(2lEj+i) with LEj+i(fly+i) ^ r and: 



br 



by Remark (|2.36t . Thus, by induction, given g dom(L2t), there exists anitinerary 
(fli,fl2/ ■ ■ -/flfiE+i) for Fe such that, for all; G {1, ...,«£ + 1}: 

|L£,/+i(«/+i) ^ 
Therefore, for all a E dom(L2i) and r > L2i(fl), the set 



defined as: 



(2.6) s G '^J^kipta^,^ (u — 



l-£,y+i('?7+i) ^ ^ 
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is not empty. We shall also denote the (possibly empty) subset of ..^Jnetaue.^ — 



r I . It is trivial to 



of itineraries which ends up at G sa(*B) by ..^j^ieia-uaj \ a 
check that: 

fceso(®) 

and thus, for all a G dom(L2i) and r > L2;(fl), there exists at least one h G sa(iB) 
such , 



r J IS not empty. 



Fix fl G dom(L2i). Let )/ G ■.Mheitnee.^ ^ -^-^ ■ . Let G {1, . . ., Me}. Let ^ G 
J^(2l£^y+i). By Definition | |2.37t of the height of the bridge 7^ ^, there exists i/^ G 
such that mk^ .^^ !/? o yr^'p ^ Ajy and ip{dcVi:^j) = xp{LOi,^jd) = \p{d) for 
all d G Sf^j. Thus: 

<: rA.^j +\xpo Tilj{r]j^i) -ipo Ti[j{i]j) \ + \^o nljirij) \ 
^ + \^{Ti[-{rjj+i)w,-^ - ^p{tv,^jn[^.{i]j))\ + \\r}j\W,_^ 

^ rK,j + rK,j+ hj\We,! 

We thus conclude that, since (p G o5^(2l£j+i) was arbitrary, we have for all G 
{1 n,}: 

||'?y+i||2i,,^+i sS \\r]j\\^^.+2rX^^j. 
Hence, by induction, for all ;' G {2, . . . , Kg + 1 }, we get: 

k=l 

and thus: 

(2.7) ||;/^-||2i,^. < ||fl||2i+2re. 
Let us now define for all a G dom(L2i) the set: 

<P(fl,e,r) = G sa(S) : ,J^^>^^{a ^hr^ 7^ oj 

and note that ^(fl, e, J") 7^ as long as r > \-%{a), as we observed when defining 
.^^^lei^^i (^a ■ rj by Equation < |2.6| |. Moreover, by Equation (|2.7|l , we note that 
if b G *P(fl,e,r) then: 

(2.8) \\b\\^ ^\\ay+2re. 

Let a, a' G dom(L2t) and,for some r > max{L2i(fl), Lgt («')}, let b G e, r) and 
b' G *P(fl', £, f") . Let f] G ^^^h^t^^t^ (^a b rj and tj' G ^J^^^^^sj ^a' -^-^ . For 
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all / e {1, . . . , Me + 1 }, using Inequation (|2.7|l , we have: 

\W[,j{vjn'j)^E,j - we,jK,j{vj+Wj+i)\\^,,j 

+ \W,,j{ni)^e,i - ^e,/<y('/;+l)||©,J'/y+llla,,y+i 

^ (||fl||2l+2r£)rA,j+ (||fl'||2i+2r£) rX.^j 
= r\,^j (4re+ ||fl||2i + • 
The same computation would show: 

\W,,jWjVj)^e,j - a;,j7r[^()?-+i)/y+i)b,_^. ^ A^f (||fl||2i + ||fl'||2i + 4r£) . 

Hence: 

^ Ae^yr (4r£+ ||fl||2i + llfl'llst) ■ 

On the other hand, since ^£,j+i is a Leibniz Lip-norm for all / G {1, . ..,«£}, we 
have: 

^ (||fl||2t+2r£)r+(||fl'||2t+2r£)r 
= r (4r£+ + lla'llsi) ■ 

We thus have proven: 
{rjj ©rj'j : i = 1, . . . ,ni; + l) E .J^-^i^^e^ (^a @ a' b@b' r (4r£ + ||fl||2t + ||«'||a))/ 
and thus by definition: 

(2.9) b@b' e«p(fl®fl',£,r(4r£+||fl||a + ||a'||2t))- 
A similar computation would prove that: 

(2.10) [b, b']^e^{ [a, a'] ^, e, r {Are + \\ay + \\a' . 

Our next step is to bound the diameters in norm of the ^ sets introduced above. 
Let a e dom(L2t), r > L2i(fl), and for j = 0, . . . ,n£, define the set pj{a, £, r) by: 

pj{a, £, r) = jj/^+i e Slfj+i : V ^ '-^^S^^^^t^ (^a ''')}' 

Note that pn(fl, £, r) = £, r) and po('^/£/'') = In particular, pg («/£/'') has 
diameter 0. 

Letfl,fl' e dom(L2i) and r > max{L2t(fl), L2i(fl')}- Let; = 1, Let b e 

pj{a,£,r) and b' e pj{a',£,r), and let ^ 6 J^(2l£^^+i). By Definition | |2.37t of the 
height of the bridge 7e^y, there exists ^ e ^(£>£j) such that mk|_^ .^^ {cp, ip o /r^p ^ 
A^y, and xp{cOi, jd) = ^{dco^ j) = ip{d) for all d E S^y. Moreover, by definition of 

■ r^, there exists c e py_i(fl,£,r) and c' G py_i(fl',£,r) such that: 
bn-y^ . (c,fo) ^ rAg^y and bn-),^_, (c',b') ^ rA^^y. 
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Thus: 

\f{b -b')\ = \ cp{b -b')-ipo nljib -b')\ + \ip {cv,,jKlj{b - b')) 

+ ipo 7r^(c) - xp{TT[j{c)co,^j - cv,^jnl-{b))\ 
^ 2rA£,^' + \\K[-^{c')u}^^j - uj^^jK[^j{b')\\^^ . 

+ \WE,j{c)^^,j - ^e,jK,ji^)\\^^,i + Ik - c'\W,,j 

We have thus shown, as G c5^(2l£ j+i) was arbitrary, that for all rj G .^.^kemi^i (^a — 
and rj' G .^^/^t^i^ {^a' ■ , and for all G {1, . . . , + 1 }: 

Wvj+i - ^ 4rA,^; + \\nj-n'j\W- 

Thus, in particular, if a = a' , we have: 

diam {pj{a,e,r), \\ ■ diam {pj_i{a,e,r), \\ ■ +ArA,^j. 

By induction, we conclude: 

(2.11) diam(<p(fl,e,r), || ■ ||>b) Are. 
More generally, we obtain by an easy induction: 

(2.12) sup{\\b-b'\\^ : b G •^{a,£,r),b' G «p(fl',e,r))} ^ \\a - a' \\^ + Are. 

We are now in a position to construct, in the second phase of this proof, a unital *- 
morphism /j : 21 ^ S which is also a quantum isometry. We do not need to work with 
a fixed e > any longer. 

Fix first a G dom(L2i), and let r > L%{a). Choose any strictly increasing func- 
tion / : IN -> 1N+. Let £ G (0, 1). By Equation (|Z8), the set <p(fl, e, r) is a subset of 
the set: 

c{r,a) = {b e sa(<B) : \-^{b) ^ rand \\b\\^ ^ 2r + ||fl||2t}- 
By 132 1, as L2) is a closed Lip-norm, the set c{r,a) is compact for the norm topology 
of so(*B). Hence, the norm closure <L[a,e,r) of *p(fl, e, r) is itself a norm compact 
subset of c{r,a). The metric space consisting of the compact subsets of c{r,a) en- 
dowed with the Hausdorff distance induced by the norm of *B is itself compact 
since c{r,a) is compact. Thus, there exists a strictly increasing function g : IN — > IN 
such that (£(«, (/o^)('«)^^/'')),„g]N converges for h||.||^ to some compact subset 
^fog{a,r) of c(r,fl). 

Let a = {flj- : k G IN} be a coimtable, dense subset of dom(L2i). To ease no- 
tations, let /(fl) = L2i(fl) + 1 for all a G dom(L2t)- Using the observation of the 
previous paragraph, for each G IN, there exists : IN — ?■ 1N+ strictly increas- 
ing, such that (*P(flj:,g/c('«)~^/ '(flj:)))nG]N Converges to some set 
h|| .j|^. One then easily checks that, setting: 

/ : « G IN I — > googi o. ..g„(n). 
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the sequence ^,l{ak)))nGm converges in h||.||^ to for all 

fc e IN. With our notations, we have *Pgj.(flj., /(«/;■)) = K^ft))/ arid thus, since 

/ does not depend on fc e IN, we simply denote {^k'K^k)) by *P(fljc/ K^fc)) for 
for all A: e IN. 

By Equation (|2.1H , we conclude that for all a e o: 

(2.13) diam(<p(fl,/(fl)), II ■ =0. 

We fix flea. For each m e IN, let hm G '■^{a, f{m)^^ ,l{a)) be chosen arbitrarily. 
Then Equation (|2.1H proves that (fcm)me]N is a Cauchy sequence in sa(*8) for the 
norm of 03. Indeed, let e > 0. Then by Equation | |2.13t , there exists M G IN such 
that for all q ^ M, we have: 

(2.14) diam {^^{a, f{q)-\l{a)), \\ ■ \\^) < \t. 
There also exists M' G IN such that, for all p,q^ M', we have: 

(2.15) h||.||^(q3(fl,/(p)-\/(fl)),^(fl,/(^)-\/(fl))) < le, 

as (*p(fl,/(m)^^, /(fl))mg]N converges, and hence is Cauchy, for h||.||^. 
Let p,q^ max{M, M'}. By Inequation (|2.15t , then there exists: 

ccie^{a,f{q)-\l{a)) 

suchthat ||cq — bp||>s < %e. By Inequation (|2.14|l , we also have \\hn — c,j||m ^ \t. 
Hence ||bp — fc^Hoj ^ £. Thus (fem)mG]N is indeed Cauchy insa(*B). Since so(*B) is 
complete, the sequence [hm)mefi converges. Let us temporarily denote its limit by 
b. 

It is easy to check that b G ^{a,l{a)): for any e > 0, there exists M G IN such 
that for all m ^ M, the diameter of ^{uj^, f{m)^^ , L2t(fl) + 1) is less than ^e, and 
there exists M' G IN such that for all m ^ M', we have ||^'m — ^H© < jE, so for all 
m ^ max{M, M'}, the set *p(fl,/(m)~^, /(a)) lies within the open £-neighborhood 
of b for II ■ ||>3. So {b} G *p(fl, Z(fl)) by definition. 

Thus, to summarize our two last paragraphs: *p(fl, /(fl)) is not empty, and it is 
reduced to a single point in *B by Equation | |2.13t . We define h{a), for all a G a, by: 

(2.16) {h{a)}=^{a,l{a)). 

We thus have shown that for all sequences (fom)me]N G sa(*B) and a G a: 

(2.17) fVm GIN fc,„ G «P(fl,/(m)-\/(fl))') lim fo„ = /z(fl). 

Now, let r ^ l{a) = \-'Qi{a) + 1 for some fl G o and : IN ^> IN be a strictly 
increasing function. As we discussed at the beginning of this second part of our 
proof (right after Equation l|2.12t ), there exists a strictly increasing fimction g : 
IN ^> IN such that (*P(fl, [foqo g")('«)^^/''))mG]N converges to some set^faqogin, ^) 
in h||.||^. As above, using (In)Equations (|2.13|l and (|2.11^ , one would show that 
^focjogia, r) is a singleton, and any sequence {bm)me¥i such that bm G *P(fl, [f ° q° 
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g) [m) r) for all m G IN converges to the element of this singleton. On the other 
hand, by construction, for all m G IN: 

^ q3(fl,/o (J o g{m)-^, La(fl) + 1) C ^{a,fo qog{m)-\r) 

so, in particular, ^{a,f o q o g{m)^^,r) contains a sequence {bm)meK such that 
b„, e o q o g{ni)~'^, L2t(fl) + 1) for all m e IN. By Equation l|2.17t , the limit of 

{btv)meK is both the single element of ^.^oqogi^f '') and h{a). By uniqueness of the 
limit, we conclude that r) = {h{a)}. 

Thus, as q was an arbitrary strictly increasing function, we conclude that every 
sub-sequence of (*p(fl,/(m)^^, r))mg]N admits a sub-sequence converging to the 
set {h{a)} in h||.||,^. Thus, (*p(fl,/(m)~^,r))mG]N converges itself to {h{a)} for the 
metric h||.||,^. 

It is trivial that (*p(fl,/^^(m),r))mg]N converges to {h{a)} for all a e a and r e 
(L2t(fl), L2t(fl) + 1] using Equation (|2.17t . Thus we have shown: 

(2.18) Vaea Vr > L2i(fl) lim "^{a, f{m)-\r)) = {h{a)}, 

where the limit is taken in the topology induced on compact subsets of *8 by h || . || ^ . 

We now extend the map h to dom(L2i). Let a G dom(L2t) be chosen. Let e > 0. 
There exists fl' G a with ||fl — a'Ust < |. Let r > max{L2i(fl), L2i(fl')}. Using 
Equation (|2.18t , let M e IN such that, for all m ^ M, we have: 

h||.||,^(q3(fl',/(m)-\r),{M«')})<|- 

LetM' e such that for all m ^ M', we have /(m)"^ < Letm ^ max{M,M'}- 
By Inequation (|ZT2t , for all b E ^{a, f{m)-^,r) and b' E <p(fl',/(m)"^r), we 
have \\b - b' \\<:s ^ \\a - a'\\<n + Arf{m)~'^ ^ ^. Thus, for ^ max{M,M'}, 
^{a, f{m)~^,r) is a subset of the ^-neighborhood of ^{a' , f~^{m),r). Hence, 
^{a,f~^{m),r) lies within the closed ball of center h{a') and radius e. By the tri- 
angular inequality we deduce that the sequence J'))H,e]N is Cauchy 
for the Hausdorff distance h||.|| on compact subsets of c{a, r), which is complete, 
since c(fl, r) is compact. Hence, (*p(fl,/^^(OT),r))„,£]N converges as well for h||.||^ to 
some set Cp(fl, r). By the same reasoning as before using (In)Equations | |2.13t and 
(|2.12t , the r) is a singleton consisting of the limit of any sequence {bm)me¥i 
chosen so that b^ e (fw), t) for all m G IN and for all r > Lgt (a) ■ We denote 
this singleton by {h{a)}. 

We thus have defined a map h : so(*B). We now enter the third and last phase 
of our construction ofh, when we use our understanding of the *p sets to study h. 

As a first step, we prove that h is linear on the R-vector space dom(L2t). Let 
a, a' e dom(L2i) and f e R. Let r > max{L2t(fl), Li^{a')}. 
Let m e IN. We choose: 



ij tl I a : 



and e 
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Letb = t]^^ , , and b' = ^Jf be the endpoints of, respectively, z/™ and f™. 

/(m)-l^ f{m) 1+1 

By construction, £ *p(fl,/(m)~^,r) and ^^J,, e ^{a',f{m)~^,r). Moreover, for 
any j E {1, . . . / W/(m)-i}/ we have: 

^ (l + |f|)rA^(„,)-l,y 

and 

l-/W-V+l('?y™l + f^f+l)^'-(l + |i|)- 

Hence: 



+ : ; = 1, . . . , M + 1) G - J^^i^^ ia + ta 



-1 



(l + |f|)r 



Hence + ffo;„ e ^{a + ta',f{m)-^, (1 + |t|)r) for all m G F. Since: 

L2t(fl + tfl') SS L2i(fl) + |t|L2i(fl') < (l + |f|)?- 
by construction, we conclude from Equation | |2.18t that: 

h(a + ta') = lim (b,,, + tb') = lim bm + t lim fc' = h(a) + 

as desired. Hence, h is linear on dom(L2i)- 

Now, let a G dom(L2t) and let (f'nOmew be a sequence in sa(*B) such that for all 
wi e IN, we have b^ G *p(fl,/(m)^^,r) for some r > \-i^{a). by Equation i2.6\ , and 
since Lsg is lower-semi-continuous by assumption, we have: 

Lfs(/z(fl)) ^ liminf Lsjjff^m) ^ r. 

m— >oo 

As r > L2i(fl) is arbitrary, we conclude: 

(2.19) L2j(M«)) L2i(fl). 
Moreover, by Inequation i2.8) , we have: 

(2.20) ||^(«)||cB = lim ll^'mlk ^ lim f ||fl||2i + 2r/(m)"^') = ||fl||a. 

Hence, /z is a uniformly continuous linear map from dom(L2i), and thus it ex- 
tends uniquely to a continuous linear map from sa(2l) to sa(*8), which we still 
denote by h. We note that the norm of h is, at most, one. 

We now check that /z is a morphism for both the Jordan and Lie products from 
sa(2l) tosaCB). 

Let a, a' G dom(L2i) and r > max{L2i(fl), Lgi («')}■ Let ?fi G M and choose b^ G 
<P(fl,/(m)-^r) and b'„j G '^{a' , f{m)-^ ,r). By Equation ||Z9), we have bm @ b'„j G 
*P(fl @ a',f{m)^^,r') where r' = r (||fl||2t + +4r/(m)~^). Since is Leibniz: 

Lat {a@a') ^ ||flj|2tL2t(fl') + ||fl'||2iL2t(«) ^ + lla'llsi) < r' . 

Thus, we conclude by Equation | |2.18l l that: 

h{a@a')= lim bm@b'= lim bm® lim b' = hia) @h{a'). 

Similarly, we would prove that [h{a),h{a')]^ = h{[a,a']^). 



28 



FREDERIC LATREMOLIERE 



From the construction of h, since Ifjj G *p(l2i, £, f") for any e > and r > 0, we 
conclude easily that /i(l2i) = la^ ■ Since h has norm at most 1 by Inequation | |2.20t , 
we conclude that h has norm one. 

Thus h : sa(2t) sa(*8) is a morphismfor ■ @ ■ and [■, as well as a linear map of 
norm 1, such that oh !^L<^on dom(L2i). 

The rest of our work on /; consists in extending it to 21 in the natural manner. 
Let 3? : z G C and S : z e C i— )■ ^^r respectively, the real and imaginary 

part on C. Let a e 21. We set: 

h[a) = h{^{a))+ih{'=s{a)), 

and we trivially check that this definition of h is consistent on sa(2l) . Moreover, it is 
straightforward that h thus extended is a continuous linear map on 21, with values 
in *8. Moreover, by construction, h{a*) = h{a)* . So /z is a self -adjoint continuous 
linear map on 21. 

Let a,h E 21 be given. Using the fact that h, restricted to sa(2t), is a morphism 
for the Jordan product, and h is linear on 21, we have: 

h{a @b)= h{U{a) @ Re{b)) + ih{^{a) @ Q{b)) 

+ ih{^{a) @ U{b)) - ® ^(fc)) 

(2.21) = hi^ia)) @h{3t{b)) + ih{^{a)) ©hC^ib)) 

+ z/j(3(fl)) @h{^{b)) - /j(S(fl)) ©hC^ib)) 
= h{a) @h{b). 

Again, the computation carries similarly to the Lie product. 

To conclude, for all a,b G 21, by Equation (|2.2H and its equivalent for the Lie 
product, as well as by linearity of h: 

h{ab) = h{a@b) + ih{[a,b]^) = h{a) @h{b) + i[h{a),h{b)]^ = h{a)h{b). 

We have thus proven that h is a unital * -morphism from 2t to *B with Lt^oh ^ ^-^21 on 
dom(L2i). This completes our construction of h. 

It remains to show that h is a *-isomorphism. This last step of our proof consists in 
constructing the inverse of h using the same technique as used for the construction 
of h itself. Fix £ > 0. 

For any b e dom(Li3) and r > L13 [b), let J^^ket^^t^ ^- b be the set: 

/ ^ ^ ( J^A^-^S, X K.,; ('7/''/;+l) ^'-'^e,;,! 

< J/ e .Jr^.Ket^i,^j ■ > b] V; e {1 , Me} > 

i ^ ^ KjiVj) ^ J 

and let £l{b,e, r) be the set: 

Q{b,£,r) = |fl G sa(2t) : b r^ ^ oj . 

By symmetry in the roles of 21 and *B, we see that our Q sets are the exact analogues 
of our *p sets, and as such they enjoy the same properties. We record two among 
them. First, note that for all b, b' E dom(L(3 ), we have: 

(2.22) sup{||fl -fl'lla : a eQ{b,£,r),a' e Q{b',£,r)} ^ +4re. 
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by applying Inequation (|2.12t . Moreover, using the conclusion of the last three 
sections of our proof, there exists a unital *-morphism s : *8 — ?■ 21 and there exists 
a strictly increasing function ^ : IN ^> 1N+ such that for all b G dom(L!s) and 
for all sequence (flm)me]N with a,n £ V{b,f o g{m)~^,r) for all m e IN, we have 
limm->(X) flm = s(fl). Moreover, Lgi o s ^ Lijj on dom(L(B). 

We claim that s is the inverse of h. To do so, let a G dom(L2i) and r > L<^{a). 
Let {bm)m€¥i G sa(*B)" with b,„ e {f o g)im)~^,r) for all e IN and note 
that limm_!,oo bm = h{a). Similarly, let (flm)mGiN £ so(2l)'^ such that for all m G IN, 
we have flm G Q{h{a), (f o g){m)^^,r) (note that r > L<2i{a) ^ L<^{h{a))). Again, 
we have limm^ooflm = s{h{a)). The key observation here is that by definition. 



r 



since fcm G Cp(fl, (/ o g)(m) ^ , r) , the set .JSh^tm^ i a b, 



is not empty. 



so a eQ{b,„, if og){m) ^,r). 

Let £ > 0. Let M G IN such that for all m ^ M, we have \\bm - h{a) ||rg < ^e. Let 
M' G M be chosen so that for all m ^ M' we have ||flm -s(/i(fl))||a < ^e- LetM" G 
IN such that (/ o g)^^{m) < for all m ^ M". Let m ^ max{M, M'}. By Inequa- 
tion ^2.22} , since a G I3(i7m/ (/og')('«)^^/'') and am G (/o ?")/ we 
have: 

2 

||fl-fl,„||2i <4re+ ||fo-&,„|I>B < -e. 

Hence: 

|fl — s(/i(fl)) lla ^ — flm lla + ll^m ~ s(/j(fl)) II21 ^ e. 
As £ > was arbitrary, we conclude that a = s{h{a)) for all a G dom(L2i). Now, 
since dom(L2t) is total in 21 and h, s are *-morphisms, we conclude that: 

Vfl G 21 a = s{h{a)). 

Similarly, we would prove that for all & G 25, we have b = h{s{b)). Thus h is a 
*-isomorphism from A onto S. In particular, we conclude: 

(1) For all G dom(L2i), we have L2t(fl) ^ \-(Q{h{a)) ^ L<^{s{h{a))) — L2i(fl), 
so L23 o /! = Lgt on dom(L2i). 

(2) Similarly, Lg; o s = Lsg and s : 58 — ?• 21 is a ^-isomorphism. 

This concludes the proof of our main theorem. □ 

Remark 2.53. For any class C of Leibniz quantum compact metric spaces, the C- 
specialized quantum propinquity dominates the quantum propinquity, and thus 
Theorem | |2.52| | applies to as well. 

We are now able to state: 

Theorem 2.54. The quantum Gromov-Hausdorff Propinquity A is a metric on the quan- 
tum isometric isomorphic classes of Leibniz quantum compact metric spaces, in the follow- 
ing sense. For any three Leibniz quantum compact metric spaces (2li, Li), (2I2, L2) and 
(2(3, L3), we have: 

(1) A((2ti,Li),(2l2,L2)) G [0,00), 

(2) A((2ti,Li),(2l2,L2)) =A((2t2,L2),(2ti,Li)), 

(3) A((2ti, Li), (2I2, L2)) ^ A((2ti, Li), (2I3, L3)) + A((2l3, L3), (2I2, L2)), 



30 



FREDERIC LATREMOLIERE 



(4) A((2li, Li), (212/ L2)) = if and only if there exists a quantum isometric isomor- 
phism (p : (2li, Li) {%2, ^i)- 

Proof. Property (1) is a consequence of Proposition (|2.47V Property (2) and Prop- 
erty (3) are proven in Theorem | |2.48t . Property (4) is necessary, as shown in our 
main Theorem (|2.52t (and invoking Proposition l|2.24t ) . Last, assume that there 
exists a quantum isometric isomorphism cp : (2ti, Li) — > (2I2, L2). By Definition 
02.231 , the map ^ is a unital ^-isomorphism. Define the bridge 7 = (2t2, 12I2/ f> 
where / is the identity of 2I2. We check trivially that the length of 7 is zero, and 
thus Property (4) is sufficient as well. □ 

Our quantum propinquity is thus a new metric on the class of Leibniz quantum 
compact metric spaces. We now prove that it dominates the quantum Gromov- 
Hausdorff distance. The key to this fact is the following construction. 

Notation 2.55. The quantum Gromov-Hausdorff distance introduced in ||40] will 
be denoted by dist^. 

Theorem 2.56. Let (21, Lgi) and (*8, \-<^) he two Leibniz quantum compact metric spaces. 
Let y bea bridge from (21, Lgi) to (*B, \-^). Let Obe chosen so that: 

A(7|L2t, L^)+E> 0. 

Define and for all {a, i?) e 2t © S; 

(2.23) Le{a,b) =max\L^{a),L^{b) ^ bn^ {a,b)\ . 

Then Le is an admissible Leibniz Lip-norm for (Lgt, \-^) and: 

(2.24) h^ku(^(2t),^(S))^2A(7|L2t,L25)+e. 
Consequently: 

distg ( (21, L21), (<B, ) ) ^ 2A (7 1 La, ) . 

Proof. Let 7 = {D, lo, Tigi, Tit^ ), and assume e ^ is chosen so that A (7I Lgi, Ltg ) > 
0. We first prove that (21 © *B, Lg) is a unital Lipschitz pair. First, note that bn-y (•, ■) 
is continuous on 2t © S by construction. In particular, one concludes that the do- 
main of Le is dense in 21 © *B. 

Second, bn-),(la,0) = W^^Ws ^ 1/ so for any {a,b) E sa(2l), if Li;{a,b) = 
then {a,b) e R(12i,1sb). Indeed, if Ls{a,b) = for some {a,b) e 21 © then 
La(fl) = LsB (b) = bn-y {a, b) = 0, so there exists s, f e R such that a = slgi b = tl<B 
as (21, Ljt) and (*B, Lfg) are unital Lipschitz pairs. Thus bn-y (sljt, fl<B) = 0. We 
have: 

|s — f| = l|a;||g-^bn-), ((s — t)l2i,0) 

= ||c<j||g^bn-), (slsi - ilai/fl'B - fl®) 

^ ||a;||gl (bn^. (sl^Jl^) + bn^ (ilsi/^l®)) 

= 0, 

where we used bn-y (Igi, 1*b) =0. Thus s = f, i.e. {a, b) E as claimed. So 

(2t ® *8, Lg) is a unital Lipschitz pair. 
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We now prove that U is admissible for (L21, L^j). Let a E sa(2t). If \-t}i{a) = 
00 then lE{a,b) = cxj for all b e sa(*B), so l^ia) = inf{L£(fl,b) : b e sa(Q3)} 
immediately. If, instead, \-<}i{a) = 0, then a = flgi for some t G R. By construction, 
bn-y (flgi/ fl©) = 0, and thus ^(tlgi, fl©) = 0, as desired. 

Assume now that < \-(n{a) < 00, and let a' = L(^{a)^^a. By definition of 
A (7|L2t, Lsb), there exists b' e sa(*B) such that hnj {a', b') ^ A (7|L2t, Ltg) + £ and 
\-^ {b') < 1. Thus, if we let b = \-^{a)b' then: 

\-<Q{b) ^ L2t(fl) and bn-y ^ L2i(fl) (A (7IL21, L23) + e) . 

Thus, we have shown: 

L2i(fl) = inf{U(fl,fc) : b e sa(<B)}. 

The proof is symmetric in 21 and *B and thus, we conclude that L is admissible for 
L21 and Lfjj. In particular, the canonical injection of ^(21) into ^(21 ® 58) is an 
isometry from rnkL^ to mkL^, and similarly the injection from (^(*B), mkL^ ) into 
(=5^(21 © *8), mkLj is an isometry We identify ^(21) and .y{^) with their images 
in ^(21 © *B) for the canonical injections. 

By |[40l Theorem 5.2], our seminorm thus constructed is a Lip-norm on 21 
which is admissible for (Lijt, Lsg). 

Furthermore, for any {a, b), {a', b') e sa(2l © *B), we have: 

L,{a®a',b®b') = v(xa^{]_.;^{a@a')X^[b®b'),—Y- , , ' 

fl||aL2t(«0 + l-a(fl)||«'||2i/ 
bUL^{b') + L^{b)\\b'U, 

'a ,b ) 



^ max < 



A(7|L2i, Lqj) +£ 



brin 



bn-y [a, b)- 



'^^"'^^A(7|L2i, L55)+ej 
^ II K^)!^©®^^,^') + U(fl,b)||(fl',fo')||2i©Q3. 

The same computation holds for the Lie product. Thus (21 ffi 03, Lg) is a Leibniz 
quantum compact metric space. 

We now compute the Hausdorff distance between ^(21) and ^(05) as subsets 
of (^(21 © mk^), for the Monge-Kantorovich metric associated with L^. Let 
f e ^(21). By Definition | |Z38t and Definition | |237t , there exists i/j e ^(D) such 
that !/^(a;rf) = ip{dco) = ip{d) for all d e T) and mk\_^^^ {cp,ip o n^^) ^ A (7|L2i, Lfg). 
Since is the quotient of L on so(2l), we conclude that: 

(2.25) mkL,(<p,!/'o 71,21 ) ^ A(7|L2i, L23). 

Let {a, b) E sa(2t © S) such that Le(fl, b) ^ 1. By definition of Le, we have: 

\xpon^{a) - xpon<s{b)\ = \xp{Tia{a)cv) - ip{coTZ<s)\ 

^ ||7T2i(fl)a; — ci)Ti(Q{b)\\^ = bn-y {a,b) 
^ A(7|L2i, l^)+£. 
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Thus, by Definition (|2.6|l , we have: 

(2.26) mkL(!/'o 7r2t,!/'o TTcg) ^ A (7IL21, L»b) + £. 

Thus, using Inequation (12.251 and (|2.26t , we have: 

mk|_((p,!/;o 712)) =^2A(7|L2i, Lcg)+e. 

Since ip o 7153 G o5^(Q3) by construction, we have shown that cp lies within the 
(2A (llLgi, Lrg) + e) -neighborhood of ^(03) for mk^. As cp e ^(2t) was arbitrary, 
we conclude tat ^(21) lies within the (2A (7IL21, Lqj) + e) -neighborhood of ,y{^) 
for mkL^. By symmetry in our proof for the roles of 21 and *B, we conclude that: 

hmkL(^(2t),^(«)) 2A (7IL21, Loj) + £. 

As e > 0, our theorem is proven. We remark that if A (7I Lsa, L55 ) > then we can 
pick £ = 0, and thus we have an admissible Lip-norm Lq which makes the bound 
in our theorem sharp. □ 

We can now prove the following important result: 

Corollary 2.57. For any pair (21, Lgi), (*B, L*^) of Leibniz quantum compact metric 
spaces, we have: 

dist,((2l, L21), (S, L23)) ^ 2A((2l, L21), («, L25)). 

In particular, convergence of a net for the quantum propinquity implies convergence of the 
same net to the same limit for the quantum Gromov-Hausdorff distance. 

Proof. Let e > 0. By Definition | |2.43t , there exists a trek 

r = (2ly, Lj, jj, 2ly+i, L^+i : / = 1, . . . , n) 

such that: 

A(r) ^ A((2l,La),(»,Laj)) + |. 
Now, since dist(j satisfies the triangle inequality, we have: 

dist^((2l,L2i),('B,L23)) ^ £distg((2l^,^), (21^+1,^+1 )) 

n 

^ 2 ^ A (7y I Lj, Lj+i) by Theorem < |236t , 

^2A((2t,L2i),(«B, U))+e. 
As £ > 0, we have proven our corollary. □ 

Remark 2.58. For any class C of Leibniz quantum compact metric spaces, the C- 
specialized quantum propinquity dominates the quantum propinquity, so Theo- 
rem | |2.56t and its Corollary | |2.57| | apply to as well. 

As a remark, we can of course construct natural Lip-norms which gives us 
the result of Corollary (|2.57t . Let (21, L21) and (*B, Lig) be two Leibniz quantum 
compact metric spaces, and T be a trek from (2t, Lgt) and (*B, Lqj). Write T = 
(2ly, Lj, 7y, 2ly+i, Ly_|_i : j = 1, . . . ,n). For any e > 0, define: 
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. ^ M - J / ('?/' '7/+i) 1 ^ ^ / r ,\1 
tnr Aa,b] = mf < max < — -, — {■ r > : m e .J^^^^^^.^ a — > o > . 

I lA(7ym^+l)+f j ' ^ 

Then define, for all (a, b) e sa(2t © *8): 

U(fl, b) = max{La(fl), L23 [b), tnr,£ (a, b)}. 

Then the reader may check that Lg is an admissible Lip-norm on sa(2l© *B) for 
( L21, Lqj ) . Moreover, if T is chosen as in the proof of Corollary | |2.57t , then: 

hmkL, {ym,-ym) ^ 2A((2t, La), (S, L>b)) + e. 

Yet, even though Lgi and Lfg are Leibniz, the Lip-norm Le may not be. However, in 
this case, we can find finitely many Leibniz Lip-norms and intermediate Leibniz 
quantum compact metric spaces given by Theorem (|2.56t to connect (21, Lgt) and 
(»,La,). 

A careful inspection of the proof of Theorem (|2.52t reveals that the key to our 
quantum propinquity's behavior is that it provides not only a control on the Lip- 
norms, but also a control on the norms of elements. More precisely, we get the 
following quantum version of the Lipschitz extension property: if 

A((a,L2i),(Q3, Lb)) = d, 

then for all a G sa(2l) and e > 0, we can find b e sa(*8) such that: 

LQj(b) ^ L2t(fl) and ||b||cg ^ ||fl||2i +2L(fl)(d + e), 

using Equation (|2.8t . Thus, we have some control on how far from Leibniz the trek 
norms are. 

Remark 2.59. We note that the Lip-norms constructed in Theorem | |2.56t are strong 
Leibniz if Lgi, Leg are strong Leibniz, using the notations of I I2.56L Thus, the quan- 
tum propinquity provides strong Leibniz Lip-norm. However, Rieffel's proximity 
Il36| does not satisfy, as far as we know, the triangle inequality, so it is imclear 
whether the quantum propinquity dominates Rieffel's proximity. 

We conclude this section by comparing the quantum propinquity with the Gro- 
mov-Hausdorff distance. It is proven in [401 that the Gromov-Hausdorff dis- 
tance dominates the quantum Gromov-Hausdorff distance restricted to the com- 
pact quantum metric spaces given by Example (12. 8t . Thus Theorem | |2.57t is not 
enough to compare our quantum propinquity with the Gromov-Hausdorff dis- 
tance. Yet, we have: 

Theorem 2.60. Let (X, dx) and (Y, dy) he two compact metric spaces, and let GH he the 
Gromov-Hausdorff distance [12]. Then: 

A((C(X),Lx),(C(Y),Ly)) ^ GH((X,dx),(Y,dY)), 

where Lx and Ly are, respectively, the Lipschitz seminorms associated to dx and dy. 

Proof Lei 5 = GH((X, dx), (Y, dy)). Lets > 0. By definition of the Gromov- 
Hausdorff distance, there exists a distance d on the disjoint union X ]J Y of X and 
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y which restricts to dx on X and dy on Y, and such that the Hausdorff distance for 
d between X and Y is less than S + e. 

Z = {{x,\j) e X X Y : d(x,i/) ^ J + 2£}. 

We endow Z with the restriction of the product topology on X x Y. Thus, Z is 
easily checked to be compact, and moreover, by our choice of & and d, the canonical 
surjection X x Y — » X and X x Y ^ Y are still surjections when restricted to Z, 
which we denote, respectively, by px and py. We define ttx : / G C(X) f o px 
and TTy : / G C(Y) i— > f o py. Thus, by definition, 7 = (C(Z), 1, ttx, TTy) is a 
bridge, whose height is null by construction. 

Let/ e sa(C(X)) withLx(/) ^ 1. Let/ : XIJY -> R be a 1-Lipschitz extension 
of / to (XU Y,d). Let g be the restriction of / to Y and note that Ly(^) ^ 1. We 
have, for all {x,y) e Z: 

l/(^) -8iy)\ = - /(y) K d (x, y) =^ <^ + 2e. 

Hence, A (7I Lx, Ly) ^ i5 + 2£. As e > was arbitrary, we have proven our theorem. 

□ 

Remark 2.61. Let C be a class of Leibniz quantum compact metric spaces which 
include all the Leibniz quantum compact metric spaces given by Example i2.8\ . 
Then Theorem | |2.60l l adapts immediately to as well. 

3. Continuity for Quantum Tori and Fuzzy Tori 

Our main examples of convergence for our quantum propinquity A are pro- 
vided by quantum tori, and their finite approximations, in the spirit of |20|. While 
essential to our present construction, the work carried out in [20J and [40J is not 
sufficient to conclude that quantum tori form a continuous family for our quantum 
propinquity. Instead, we propose a new proof in this section, which may serve as 
a guide to future proofs involving the quantum propinquity and continuous fields 
of C*-algebras with quantum metric structures. We start with a brief review of the 
quantum tori and fuzzy tori and their noncommutative metric structures. We then 
provide a family of representations of quantum and fuzzy tori which are well- 
behaved with respect to the strong operator topology. The last section constructs 
a family of bridges which allow us to conclude the desired result. 

3.L Quantum and Fuzzy Tori. This preliminary subsection contains a brief sum- 
mary of the various facts and notations we will use in our work with quantum and 
fuzzy tori. 

Notation 3.1. Let IN* = IN \ {0, 1}. 

Notation 3.2. Let IN* = IN* U {00} be the one-point compactification of W*. For 
any d e IN* and k = (fcj, A:2, . . . , fc^) G IN*, we set: 

d 

klf = n kjl. and = /kT.'^ , 

with the convention that ooZ = {0}. The Pontryagin dual of Z^ is denoted by 
U^. In particular, if A; e then Z^ is finite and thus self-dual. However, we shall 
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always consider as a compact subgroup of the d-torus = lU^^ where 
lU = {z e C : |z| = 1} is the unitary group of C. 

Notation 3.3. Let d e ]N*. The set of all skew-bicharacters of is denoted by B^. 
We define: 

S"* = I (fc, £7) : fc e and t7 e } . 

We identify S'' with the subset of x B^^ consisting of pairs {k, a) such that 
a is the unique lift of an element of B^ to B^^^ ^^j. With this identification, is 
topologized as a topological subspace of x B^^ endowed with the product 
topology, where B^^ endowed with the topology of porntwise convergence. 

By 1 18J, we can identify B^^ endowed with the topology of porntwise con- 
vergence, with: 

= |e^'"^ : A is a d X d anti-symmetric matrix with real entries | 

endowed with its usual topology as a subset of d x d matrices over C. In particular, 
can be identified with HI, or equivalently, with ^ / ^ . Thus IN^ X B^^ is 

naturally isomorphic to x 0. In particular, it is a compact set, and as S'* is 
easily checked to be closed, it is a compact set as well. 

For any discrete set E and any p G [l,co), the set iP(E) is the set of all p- 
summable complex valued families over E, endowed with the norm: 

11^1;^ = ^Ei^-r)" 

for all^ e ^P(E). 

The main objects of this section of our paper are quantum and fuzzy tori, which 

are the enveloping C*-algebras of *-algebras defined by twisting the convolution 

products on finite products of cyclic groups as follows. We refer to |43| for a 

general reference on twisted convolution C*-algebras of discrete groups, and to 

||29l [30 1 for a survey on quantum tori and their role in noncommutative geometry. 

d , 

Definition 3.4. Let d e IN*, A: G IN^, and a a skew bicharacter of Z^. The twisted 

convolution product on £^ (^^) ^^^^Y f'S ^ (^^) 

f*k,ag-neZ'li — > J2 f{rn)g{n-m)cr{m,n). 

For any d G IN^*, /c G Iwf and any skew-bicharacter u of Z^, the 2-cocycle identity 
satisfied by cr implies (^i^ i^k) ' *i^,o^ indeed an associative algebra; moreover, 
this algebra carries a natural involution: 

Definition 3.5. Let d G M*, fc G Wf. For any / G £^ (zf), we define the adjoint f* 

of /by: 

r :nGZf ^7(^. 
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For any d e and {k,cr) E S'*, one checks easily that (^(^ , *cr, ■*) is a 
*-algebra , and we now wish to construct its enveloping C*-algebra: to do so, we 
shall choose a natural faithful ^-representation of (^i^ (^fc) ' '*) °^ (^^) ' 

For any set E, the Banach space i^{E) is a indeed Hilbert space for the inner 
product: 

xeE 

The canonical Hilbert basis of i^{E) is given by {ex)xeE where: 

1 if y = x 



fix : y e E I-)- 



otherwise. 



The concrete C*-algebra of all bounded linear operators on f-{U^) will be denoted 
simply as 58''. We shall denote the norm for bounded linear operators on fi{U^) 

by l|-||<Brf- 

Notation 3.6. Let d E IN*, fc e and be a skew-bicharacter of Z^. For any 
n e Z^, we define the operator U^^ as the unique bounded linear operator of 

£2 (zfj such that: 

Ll^^em = cr{n,m)em-n 
for all m e Z^, where (em)„,g^ii is the canonical Hilbert basis of {^{^ ■ 

For any n, m G Z^, we have: 

Ul,U'^,aej = Ul,a{m,j)ej.„ 

= cr{n,i - m)a(m,i)ej_m-n 

= cr{n,m)a{n,i)a(m,i)ej_m_n = cr{n,m)(r{n + m, j)ej_^i^„^„^ 

Thus, n E ^ ^k(T ^ cr-projective unitary representation of on £^ ^Z^ 
Naturally, its integrated representation defines a ^-representation for the *-algebra 

(£l(Z'*), *,,„■*): 

Theorem 3.7. Lef d E IN*, A: £ IN* and crbea skew bicharacter o/Z^. T/ze map: 



a.:/e£i(zf) ^ ^ /(n)LJ£, 



is a faithful *-representation of the *-algebra (£i (zfj ,*^^^,-*) on f (zf). In other 
words, for all f,gE£^ (^0' 

PkAf)PkAs) = Pk,a{f*k,crg)- 

Proof. This is a standard result ||43ll . □ 
Definition 3.8. The C*-algebra C* (zf, is the norm closure of pa (^f (z^ 
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Notation 3.9. The norm of C* (^Z^,crj is denoted by || ■ In proofs, we will 
often abbreviate the standard notation for C* (^Z^, crj by 2tj; 

As a matter of terminology, the C*-algebras C* ^Z"*, cr^ are called quantum tori. 

For fc G IN'^, the C*-algebra C* ^Z^, aj is called a fuzzy torus, and are finite sums of 
matrix algebras. 

Notation 3.10. We shall identify f E £^ (^^) ^^^^ PKaif) whenever no confusion 
may arise, for any (fc, a) G S**, since pfc is faithful. 

Remark 3.11. Technically, we have defined the reduced C*-algebra of Z^ twisted by 
a, but since our groups are Abelian, they are amenable, and thus our definition 
also coincides with the full C*-algebra of Z^ twisted by cr. 

Quantum and fuzzy tori carry natural group actions, from which we shall de- 
rive their metric geometry from a kind of transport of structure. For all co — 
{cl>i, . . . ,cv^) E TU^ and M = e Z^, we shall denote (a;"\ . . .,0;^'') 

by cv", so that {cv,n) E Vf x 1-^ co" is the Pontryagin duality pairing. We 
quote the following two results which define the quantum metric space structure 
of quantum and fuzzy tori as quantum homogeneous spaces of the torus and its 
compact subgroups. 

Theorem-Definition 3.12. HSl Let d E M*, A: e Wf and cr a skew-bicharacter ofZf. 



For all CO E there exists a unique *-automorphism of C* y1if,aj such that for 
any f E i^C^f ) and any n E Z^, we have: 

af^^{f){n)=cv"f{n). 

The map lo E Vf (x!^^ is a strongly continuous action o/HJ^ on C* (^1if,crj. This 
action is called the dual action ofvf on C* ^Z^, aj . 

Theorem-Definition 3.13. fST] Let d E IN*, k E IN^, a a skew-bicharacter ofl/j^ and I 
be a continuous length function on U^. Let a be the dual action ofV^ on C* ^Z^, 

alia E C* (zf,o-),weset: 



{\\a — (x.f (a) lli-ff , 1 

^ ^0J^:cvEVi\{l}\, 

where 1 is the unit ofVj.. Then ^C* ^Z^, crj , Lj^i^^^^ is a Leibniz quantum compact metric 
space. 

Remark 3.14. Any subgroup of Z'' is isomorphic to a group fcZ'' for some k E IN^, 
via an invertible Z-module map of Z'*. By functoriality of twisted C*-algebras of 
groups, we see that we can always adjust the situation so that, whatever subgroups 
we may consider in , our current work applies, up to obvious changes to the 
metric. The current setup makes the computations more approachable. 
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We conclude this section with a fundamental approximation result which makes 
essential use of the metric geometry of quantum tori. This result was proven in 
Il2ff|, and it will be quite useful in our current work, so we present briefly the gen- 
eral scheme of its proof. We start with the following definition: 

Definition 3.15. Let d E IN*, k E IN^ and a a skew bicharacter of Z^. For any 
continuous function : — t- IR, we set: 

4, -.a EC* [^i,a) ^ j^^ H^KA^) dhicv), 
where A^. is the Haar probability measure on U^. 

Theorem 3.16. Let d e IN* and k E m'^. Let I be a continuous length function on Vf. 
Let £ > 0. There exists a positive, continuous function <^ : lU'' — > IR, and a neighborhood 
Uofk in IN* such that: 

(1) For all c E U, all skew-bicharacter a of'Z'^ and for all a E sa(C* cr)) we have 

\\a - ixt,a{a)\\c,(r < eU,c,M) U.cA'^tA^)) ^ U,c,a{^)' 

(2) There exists a finite subset S of l/ such that, for all c E U and any skew- 
bicharacter a of Z^, the restriction of the canonical surjection qj^ : ^ T/j. 

is injective on S, the range ofaf^^r is the span of {Uj^^ : p E ^ki^)}, while E S. 

Due to the importance of this result, we provide a sketch of its proof based upon 
the following three lemmas, proven in greater generality in f20 1 . 

Lemma 3.17. Let d e IN* and k E IN^ . Let / : — > C be a continuous function such 
that /(I, . . . , 1) = 0. Let e > 0. There exists a finite linear combination (p of characters of 
Vf, including the trivial character, such that (p ^ 0, J^^ cp dX^- = 1 and J^j cplfl d/V^- ^ e. 

Proof. See [20. Lemma 3.1], where the compact group G is chosen to be U^. □ 

Lemma 3.18. If (p is a linear combination of characters ofvf, then the range of is the 
span of {Uj^^ : (p{p) 7^ 0}, where (p is the Fourier transform of (p. In particular, a't' has 
finite rank. 

Proof See EOl Lemma 3.2], with £ = 11^. □ 
Lemma 3.19. Let d e M* and k E IN^ . If f : U'* — ?• C /s a continuous function, then: 

lim / f dXc = I f d\i^, 

where Ac is meant for the probability Haar measure on Vffor all c E IN*. 

Proof. This is ll20l Lemma 3.6] in the case of G = Uj-. □ 



Sketch of proof of Theorem ( I3.26P . Let e > 0. By Lemma (|3.17t , there exists a finite 
linear combination cp of characters of Vf such that (p ^ 0, Jj^jd (p dA^ = 1 and: 

[ (p{u>)l{cv)dA^{w) < U. 
Jv( 2 



THE QUANTUM GROMOV-HAUSDORFF PROPINQUITY 39 

Let S = {p e Z'' : (p{p) 7^ 0}, where ^ : Z** — ?■ C is the Fourier transform on cp. 
Note that e S and S is finite. 

By Lemma | |3.19t , there exists a neighborhood LT of A: in IN^ such that: 

^ (j){co)l{co) dAc{(^) ^ £• 

Let c e 17 and (T be a skew bicharacter of Z^. By Lemma (|3.18t , the operator af^^ 
has range the span of {11^0- : p G S}, and since cp is positive, the linear map afg- is 
positive. Let a G ^c,cr- 

\\a - '4A^)\\c,'r ^ / J|fl-'^?(7(fl)l|c,£r(/'(a;)dAc(a;) 



/(a;) 

Moreover, using lower-semicontinuity and invariance for the dual action of the 
Lip-norm L; ^ g: 

U,cA^Ha)) < [ cp{cv)Li^,A<A"))dM^) 
= U,cA") / ,9<^^c = U,c,e{a)- 
This proves our theorem. □ 

3.2. Continuous fields. An important feature of the quantum and fuzzy tori is 
that they can be seen as fibers of a single continuous field of C*-algebras |20 Corol- 
lary 2.9]. For our purpose, we need a concrete construction of such a field, which 
goes beyond our groupoid-based construction in [20]. In this section, for a fix 
d e , we introduce faithful non-degenerate *-representations of the C*-algebras 
C* {^i,o^ for {k,o-) e S'' on the Hilbert space in such a way that, in- 

formally, these representations are porntwise continuous for the strong operator 
topology. The precise statement will require some notations, to be found in this 
section. 

For all X G R, the integer [xj and \x\ are, respectively, the largest integer 
smaller than x and the smallest integer larger than x. Moreover, we use the con- 
ventions [±ooJ = [±00] = ±00, and ±00 -\-n = n + ±00 = m(±oo) = ±00 for all 
n e R and m e (0, 00) e R. 

We start with the following simple object: 

Notation 3.20. Let d e M* and e W*. Let: 
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We observe that, by construction, the set: 
(3.1) = + n : n e fcZ''} 

is a partition of 11^ . This is not the usual partition of in cosets of kll^ , but we will 
find it a bit more convenient (though one could, at the expense of worse notations 
later on, work with the standard partition of in cosets of klJ^). 

Fixd e IN* andfc e M*. The canonical surjection (jj- : Z'' — > Z^ restricts to a bijec- 



tion from onto Z^. We thus can define an isometric embedding : ) 
£2(Z'') by setting for all ^ e (^d\^ . 



— > 



(3.2) !?fc(^) : « e Z"^ 



^(^?)c(«)) if M e 4 
otherwise. 



Since is an isometry by construction, is the identity of £^ (^^) ' Therefore, 
for all skew bicharacter a of Z^, the map 1?;^ ttj^^o- ( ' ) ^ non-unital ^-representation 
of C* ^Z^, (7^ on To construct a non-degenerate representation, we pro- 

ceed as follows. Since ,^yt/ defined by Equation l|3.Hl , is a partition of Z"*, we have 
the following decomposition oi in an orthogonal direct sum: 

(3.3) £2(^rf) ^ span{e^. : y e 4 + n} 

with (fiyO^g^rf the canonical basis of given by em(M) G {0, 1} and em(n) = 1 

if and only iin = m, for all m,n E Z"*. Note that the range of d^- is spanjey : ;' G 4}. 

For all M G fcZ'', let m„ be the unitary from spanjey : j E 4} onto spanjey : j E 
4 + m} by extending linearly the map: 

ej E {£„, : m e 4} I — > ey+„. 

We now define: 

Notation 3.21. Let d e IN* and A: e Wf . Let be a skew-bicharacter of Zf, and p)t,cr 
the representation on (^e^ (zfj , on ^^(z^) defined by Theorem < |37t . 

Let f E f-{11^), and write f = Eygj-Z'' ^/ "^i*^ ^/ ^ span{e,„ : m e 4 + /}■ Such 
a decomposition is unique by Equation | |3.3t . Define for all a E C* (Z^, cr): 

(3-4) n^^^{a)^= ^ Ujdp^^^{a)d*u*^j, 

jekX'' 

which is well-defined since \\un'&Pk^a-i'i)^*u* ^jWi ^ ||«lk,(7||?/||2 for all; e fcZ'^and 

E/G/cZrf ll^/lli = llflll < 00 by definition of ^. 

It is easy to check that ttj^ thus defined is a faithful, non-degenerate (i.e. unital) 
^-representation of C* (Z^, u) on £^ (Z''), which acts "diagonally" in the decompo- 
sition of (^{11^ ) given by Equation I 



The representations introduced in Notation < |3.21| | enjoy an important topologi- 
cal property with respect to the strong operator topology of £^(Z''). To make this 
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statement precise, we first need a way to see an element of ^^(Z ) as an element 
of (zfj for any fc e as follows. 

Notation 3.22. For any d E M*, k E IN^^, and m E 1/^, we define the element dm of 

£i(Z,^)by: 

™^ \ I it n = m, 
5„:nEZi^\ .' 

I otherwise. 

Note that we defined the canonical basis {£n)n<zid of £^(Z'') in such a way that 
en = S„ for all n E Z^, so one may find our present notation redundant. However, 
it will make our exposition much clearer if we distinguish between the vectors 
e„ E e^{Z'^) and the functions S„ E 1^{Z^) for all n E Z^ . 

Lemma 3.23. Let d E^^ and k E IN^ . Let qj^ : X'^ ^ Z^ be the canonical surjection. 
For any f E £^{11^ ) and any n E Z**, we define: 

v'k{f){n)= E fi'n + n)EC. 

Then v'^{f) [n) = {m)for any n,m eZ^ with qk{n) = qui^)- Thus there exists a 
unique function v^{f) : Z^ — ;> C such that Vk{f) o qk = ^'k(f)- linear map Vj^ thus 
defined has norm 1, and v^{f*) = 

The function uj- is a linear surjection. Moreover, the restriction ofv^^ to the functions 
in (.^{T/^) supported on Zj- is injective. 

Proof. Let n,m E Z** such that q]({m) = qk{n), i.e. such that n — m E k'Z'^. 
Thus E^ekz-'fi'^ + v) = T^vek-z^fi^^ + {{n - m) + v)) = E-oekz" fi^^ + ^) as 
desired. Hence vj^ is well-defined, and linearity is straightforward, as well as 

self-adjointness. Now, the function : i^k) ~^ ^^(Z**) defined in Equation 
| |3.2t restricted to £^ i^k) ^ function with values in £^(Z''), and we check that 

vkms)) = g- 

Last, assume that we are given a function / : Z"* — > C whose support is con- 
tained in 4- such that Ujt(/) = 0/ which is equivalent by definition to v'^{f) = 0. 
Now, again by definition: 

Q = v'^{f){n)= E f{n + v)=f{n) 

vGk'E'l 

for all n E 4- Thus / = as desired. It is easy to check that u;c(/) E ^^(Zf ) for 
f E l'^ {U^) — in fact uj. is easily seen to be of norm 1. □ 

We will find it convenient to use the following notation across this section, with 
its first appearance in the proof of the main theorem which follows. Thus we set it 
up now: 

Notation 3.24. Let d E IN*, A: e . For any n E 1/^, we define [n mod 4] and 
[n 1 4] as the unique integers such that: 

n— [w|4] = ['^ mod 4] with [m|4] G ^'^'^ and [n mod 4] G 4- 
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This notation differs slightly from the usual meaning of the mod operator, as 
it refers to the partition ^^^^ of Equation (|3.1t rather than the partition of 1^^ in 
cosets for VL^ . However, this will prove a convenient notation, and is related to 
our choice in Notation l|3.2Hl . We relate our mod operation to the usual one in the 
following manner. For d = 1 an fc e IN*, if n e Z and n = qk + r for q,r E 1j and 
\r\ < k, then: 

• IfrEljf then [n mod 7/^] = r, 

• Ifrej ^ then [n mod k] = r - k, 

• If r e + -l|then[n mod4]='' + ^- 

If d = 1 and k = oo then [n mod 4] = " for all n E Z. The general computation of 
[n mod 4]/ for arbitrary d,k E IN^, and n E IJ^ , is simply carried on component- 
wise using the above calculations for d = 1. 

Note that by construction, if pj. is the inverse function of the restriction of the 
canonical surjection q]^ : 1/^ ^ to 4/ then [n mod 4] — p^o qj^{n) for all 
n E . In particular, we note for all n,m E Z'*, we have: 

(3.5) [[n mod 7jt] — ['« mod 4] mod 4] = [« — ?« mod //t]/ 
since q]^ o is the identity on Z^. 

Remark 3.25. Let (fc, c^) G S** for some d G IN*. Identify a with its unique lift as a 
skew bicharacter of Z'^. By construction, for all n E Z^, we have: 

a{m,n) = a{[m mod 4]/") = cr[m,[n mod 4]) 

= cr([!« mod 4]/ [w mod 4])- 
We now can state the key result of this section: 

Theorem 3.26. Let d E IN*, {k,(j) E S**. Let {k„, (7„)„^jf^ be a sequence in converging 
to {k,a). Iff E 1^(11^), then {n^„^^^ (u^,, (/)))„g]n converges to 7r/,,^(ufc(/)) in the 
strong operator topology of where Vc : £^(Z'*) — > i^'k) defined in Lemma 

(lIZBl l. 

Proof. For any c G IN^, the canonical surjection Z^ — > Z^ is denoted by qc. We 
write k = {k^, . ..,k'^) and k„ = (fc^, . . . , fcfj for all n e IN. We identify the skew- 
bicharacters a and (J„, for all n G IN, with their unique lift to skew-bicharacters of 

Let m E 11^. Let 3,n E f{Z'^) be 1 at m and zero everywhere else, and let 
(e,-)^g^d be the canonical Hilbert basis of £^(Z''). A quick computation shows 

that Vc (Sm) = Vc mod ic]) fo^ ^ ^ ^t- Moreover, from Equation l|3.4|l in 

Notation (|3.21t as well as Equation (|3.5t and Remark (|3.25|l , we have for all r G Z'*: 

(3.6) 7Tfc,„^„(ufc„(^m))er = cr„(m,r)e^^_^ h„] + Wk„\ 

We keep m, r G Z"* fixed for now. Let j E {!,. . . ,d}. We have one of the follow- 
ing two cases: 
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If y = CXI, then there exists N,.,„; y G INf such that for all n ^ Nr^ni,j we have 
fcj, > 2\rj — my I and fc^ > |ry|, and thus: 



nij mod Zj." 



ry — nij = [f-y — »iy mod /y ] 



and 



4" 



4, 



for all n > N, 



r,m,j' 



• If y E IN* then the sequence (A:n)nG]N, which lies in M*, is eventually con- 
stant. Thus, there exists Nr^^,] £ ^ such that A:{, = ki for all « ^ ^r,m,j- Con- 
sequently, we have rj — nij mod 4'? = niod /y ] and ry 4" = 
[ry|4] for all 7 ^ N,,,„,y. 
Thus, there exists Nr,,„ = max{Nr,m,i/ ■ ■ ■ / ^r,m,d} such that, for all n ^ N, we 
have [r — m mod 4"] = [r — m mod Z;,-] and [''|Z;cn] = ['"14]- 
We thus have, by Equation (|3.6t , for n ^ Nr,™: 

^kn,an (u/c„ (^m)) er " n^^a {vk (^m)) = ((7„(;«, r) - C7(m, r))e[,_„, h] + [r\k]- 
The sequence (c^n (m, r) — a{m, r) )„g]N converges to by assumption. Hence: 
Jim II (7rfc„^£,„ (Ujt,, (i^m)) - Tlk^c {Vk (<5m))) erib = 0. 

Let now ^ = (?j-),gZ'' ^ f-{1j'^)- Then, using Pythagorean theorem (since 
^tn,!^!! ~ '^*:,(7 maps the canonical basis to an orthogonal family): 

II {Tlkn,an {Vk„ {6m)) - 7Tk,a ("ic i^m))) ^Wl 

= E \?r\^\\M'H,r) -a{m,r))e[,_,„ mod k] + [r\k]\\2 

= Y_, \ir\^\o-n{m,r) - (7{m,r)\^. 

Now, since all bicharacters are valued in U, we have: 

|^,|2|c7„(;«,r)-c7(m,r)|2=^4|^,|2and ^ 4|^,|2 = 4||^||2 < oo. 

The Lebesgues dominated convergence theorem applies, and we conclude that: 

^^■^^ II ^'^^n,<in i^k„ i^m)) - nk,a {Vk (Sm))) = 0, 

as desired. Now, since Vk and the maps Vk^, for all « G E^, are continuous and 
linear, we immediately get: 

II {^k„,a„ {Vk„ (/)) - ^k,cT {Vk if))) ?||2 

=^ E \f{m)\\\{^k„,a,Avk„{Sn,))-TIk,a{Vk{S,r,)))^\\2 

for all ^ e f{Z''). Since f e <(L^) and, for all m e TI^: 

l/('«)l ||(^fc„,.„ {ykn i^m)) - TZ.^a {Vk {^m))) ^{{^ ^ 2|/(m) 1 1|^||2, 
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the Lebesgues dominated convergence theorem implies that: 

\\i^k„,a„ {Vkn (/)) - Tlk,a (Vk (/))) = 

for all ^ E by Equation (|33, as desired. □ 

It is easy to check that, in general, we can not strengthen Theorem I I3.26I I by 
replacing the strong operator topology with the norm topology. This is, in turn, 
where using our notion of bridge, rather than the distance in norm between the 
Lipschitz balls, will prove very useful. As a hint of things to come, we prove the 
following results. 

Notation 3.27. Let £i be the ideal of trace-class operators on whose norm 

is denoted by || ■ \\^^. We denote the standard trace on by tr and we 

recall that = tr(|A|) for all A e £i, with \A\ = {A*A)^. 

Lemma 3.28. Let M'hea separable Hilbert space and (T„)„g]N he a sequence of operators 
on and T an operator on The following assertions are equivalent: 

(1) The sequence {Tn)ne'M converges to T in the strong operator topology, 

(2) For all compact operators A on , we have: 

Jim ||(r„ - r)A||23(,^-) = 0, 

(3) Tor all trace-class operators A on , we have: 

Jim ||(r„-r)Ai|23(,^) = 0. 

Troof. Assume that (Tn)nQM converges to T in the strong operator topology. By 
the uniform boundedness principle, (r„)„g]N is uniformly bounded. Let M G R 
be chosen so that for all m e IN, we have || r„ — r|| ^ M. 

First, if A is a rank one operator and if ^ G is a unit vector which spans the 
range of A, then for all unit vector ?/ G ^ there exists A G C such that Ar] = A^. 
Then, since ||A?/||,^ = ||A^||^ ^ || A||b(j^), we have |A| ^ || and thus: 

(3.8) ll(r„-r)Al|^(,^) ^ ||A||^(,^,)||(T„-T)^||,^."-^0. 

Of course. Equation l|3.8|l holds if A = as well. 

Let A now be an arbitrary compact operator, and let £ > 0. There exists a finite 
rank operator Ag on £^(Z'') such that: 

1 

\\A-MW^) < 2M^- 

Since A^ is finite rank, by Equation | |3.8t (and a trivial induction), there exists IV G 
IN such that for all n ^ N we have: 

1 

II (T„ - r)AE||Q3(.^.) ^ — e. 

Thus, for « ^ N: 

||(T„ - T)A||23(jf') ^ ||T„ - T||rg(^)||A - Ae||rg(^-) + ||(r„ - r)A£||23(^) 
1 1 
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This proves our first implication. Our second implication is trivial, since trace- 
class operators are compact. Last, if (3) is assumed, then in particular, for any 
unit vector f E M' , if we set A to the be projection on the span of ^, then ||(T — 
T„)A||(3(^') = II (T — T„)^|| ,s^, and this is enough to conclude that (r„)„g]N con- 
verges in the strong operator topology to T as desired. □ 

Corollary 3.29. Let d G IN^j, {k,cr) e S*^ and T be a compact operator on i^{'Z'^). Let 
(/c„,cr„)„g]N be a sequence in E** converging to {k,CT). If f E then the sequence 

i^k,„cr„ (u/c„ (/)) 7')„g]N converges in norm to n^^^ T- 

Proof. Apply Lemma H3.28I I to Theorem H3.26I I. □ 

Theorem | |3.26t can be used to show that for f e £^ (^'')/ the map (fc, cr) G S"* ^ 
ll'^yt,(r('^yt(/))l|(B'' lower semi-continuous. We proved, in fact, that this map is 
continuous in f20^. Theorem 2.6], which is an essential building block for our cur- 
rent work as well. 

Theorem 3.30 ( 120i ). Let {k„,cr„)ne¥i be a sequence in EI^ converging to some {k,a) E 
S*^. Iff E then (||7r<r„(yA:„(/))||2irf)nGiN converges to \\n^,Avk{f))\\^'i. 

Though Theorem l|3.26|l only asserts pointwise continuity for the norms, we can 
actually improve the situation by restricting our attention to finite dimensional 
subspaces. The following lemma can be found as the first part of f40l Lemma 
10.1], and we include its proof for the reader's convenience. 

Lemma 3.31. Let m be a norm on a subspace V of (.^{'L'^). For all {k,a) E S**, we 
assume given a norm n^ g- of V dominated by m and such that, for all v E V, the map 
{k,cr) e S"* I— > \\vj^{v)\\j^^^ is continuous. Then: 

(3.9) {k,a,v)EE'^xV^nk,,{vj,{v)) 

is continuous, when V is endowed with the norm m and S*^ x V with the product topology. 

Proof. For any {k, a), (c, 0) E S** and a,b E V, we have: 

K,eib) - n/c,^(fl)| ^ \nc,e{b) - nc,e(fl)| + K,e{a) - r^k,a{a)\ 
^ nc,0(b-fl) + \nc,e{a) - ni,^Aa)\ 
^ m{b -a) + \nc,e{a) - r^k,cr{a)\. 

Let £ > 0. By assumption, there exists an open neighborhood LI of {k, cr) in S'' such 
that, for all (c, 6) E U, we have: 

1 

nc,0(«) - n/c,^(fl)| < -£. 

Thus, if is the open ball of center a and radius je for the norm m, we then have 
that for all (c, e,b) eUx U2: 

\n0{b) - na{a)\ < e, 

as desired. □ 
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Corollary 3.32. Let d e IN*. The map: 

is continuous when is endowed with \\ ■ \\i and 'EJ^ x (.^[U^) with the product 

topology. 

Proof. Apply Lemma l|3.3Hl to the field of norms given by Theorem l|3.26|l , where 
V is indeed finite dimensional, and where m = 1 1 ■ 1 1 1 . □ 

In practice. Corollary l|3.32|l will be used when we restrict our attention to a 
finite dimensional subspace of £^(Z'*). 

Using the continuity of the norms, as well as the definition of Lip-norms, we 
proved in |20, Proposition 3.10] a result concerning the continuity of Lip-norms, 
which we shall need for our work as well. Putting it together with Lemma (|3.3Hl , 
we have: 

Theorem 3.33. Let e and S he a finite set in which does not contain 0. Define: 

V = {f ee\Z'^):yn f{n)=0}. 

Then V is a finite dimensional subspace of (^{U^). Let I he a continuous length function 
on V^. The map: 

{k,a,f ) xV ^U,k,Mf)) 

is continuous. 

Proof. By [,20, Proposition 3.10], for a fixed / e V, the function {k, a) <E BI^ ^ 
\-k,o-ivk{f )) is continuous. Now, for any f E V and cv E V^, we set: 

oc'^if) ■.neZ'^^ co"f{n). 

We see that a. thus defined is an ergodic action of anl^ifl/^). For any / G V, we 
set: 

By construction, for all {k,a, f) G E'' x y we have L; j-j^(/) ^ rn(/). Indeed, we 
note that by Theorem-Definition (|3.12t that the dual action a^^g- restricted to TU^ 
and OL agree when applied to elements vl\£^{U^), and thus in particular to V. 

Moreover, m is a norm anV — this last step uses the finite dimensionality of 
V, since one checks that m is finite on the canonical basis for V consisting of the 
indicator functions of the singletons of S, and thus m takes finite values on V (as m 
is a seminorm and V finite dimensional). Thus Lemma | |3.31t applies to give our 
theorem. □ 

Finite dimensionality and the exclusion of from the support of the elements 
of V is used in Theorem | |3.33t so that we can find a norm which dominates all 
the Lip-norms; in general m(/), as defined in the proof of Theorem | |3.33t , for 
/ G £^ (Z''), is neither finite nor zero only at zero, and thus does not define a norm. 
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3.3. Quantum Propinquity and Quantum Tori. We have now reached the mo- 
ment when we can establish our main example of convergence for the quantum 
propinquity. We shall build a trek of a single bridge, with *8(i''^(Z'')) as our 
bridge C*-algebra, the various representations TZj^g- {{k,cr) G E/^) as our unital *- 
mono-morphisms, and elements of the following form as our pivot element in 

Notation 3.34. Let d G IN*. Let {^n)„QZ'' ^ family of complex numbers indexed 



by li'^. The operator Diag 



An 



on (P-{1j'^) is defined by setting for all n € 



Diag 



where {e„)j^^^d is the canonical Hilbert basis of f-{1r) defined in Notation | |3.22| |. 
Notation 3.35. For any d e IN^, and any n = [tii, ...,nj) e Z'^ we define: 



l"l = El«il- 

We note that | ■ | thus defined is the length function on 11^ associated with the 
canonical generators of . Thus, in particular, for any n,m ^ 1/^ we have | |n| — 

\m\ \ ■^\n — m\ ^ \n\ + \m\. 

[I 

Notation 3.36. For any d e IN*, and for any k = (fcj, ■ ■ ■ ,k^) E IN*, we denote by 
Vfc the element of IN* defined as: 



Ak = min{|n| : n ^ Zj.} = niir* 



kj-1 



: i = l,...,d 



1. 



Notation 3.37. Let M, N e M* be given. We define, for all d e M*: 



wnm : w e ^ 



if \n\ ^ N, 
ifN^ |n| ^M + N, 
otherwise. 



The proper choice of a bridge for a given pair of quantum tori, or a pair of a 
fuzzy torus with a quantum torus, will depend on the following estimate. 

(J , 

Theorem 3.38. Let d e IN*, k e IN*, and a a skeiv-bicharacter of Z^. Let JV, M e IN* 

such that N + M < Ak. Define, using Notation i3.37i : 
con^m = Diag lONMi'^) n 
Then a;jv,M is a finite rank operator such that, for all m E I]^ C 'E'^, we have: 

where (j'j- : — )■ is the canonical surjection. 
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Proof. Let m e Z^. Let : ^{1^) be given by Lemma l|3.23t . An easy 

computation shows that v^{Sm) = 6q,^{m)' ^^'^ moreover, for all « e Z"*: 

(3-10) '^a,k{vk{6m))er = o-{m,r)e^,_„, mod 7d+[r|7d- 

by Equation | |3.6| | in the proof of Theorem | |3.26| |. 
We thus easily compute that, for all « e Z^: 



f^N^M/ 7T)c,cr \^qi,(m) )\^n= 0-(m,n) 

[n—m mod J)f] + [n|7(-] ■ 

Using Notation | |3.37t , we first observe that if n ^ 4, then, [n — m mod 4] + 
\n 1 4] ^ 4 either, and thus we have: 

(3.11) zi'N,M(«) = Wf^^M{[n - m mod 4] + [n|4]) = 0, 

since | n \ and | [n \ 4] + [n mod 4] | are both greater than Ak, and thus greater than 
N + M. 

We now work now with n G 4 (so [m|4] = 0)- Let / G {1, . . and write 
n = (mi, . . . , «^), m = (wzj, . . . , mrf),A: = (fci, . . . , fc^). We have the following cases: 



• If Uj — nij E Ikj then 



If n, 



[fij — nij mod 4i] 

-it 



m, mod 4 



«i — nij, so: 



My — my I 



IrijW ^ Imyl 



nij < 



then: 



ntj mod 4 



«j — my + kj. 



Then 2«y — 2my < —kj, so kj — nij + 2My ^ my. On the other hand, note that 

since rij, nij E 1^^ and My — my < we must have My ^ and 7«y ^ 0; 
thus: 



My — nij mod 4y 



my + kj + My = 2My — my + fcy ^ my 



m; 



Similarly, My — my ^ then we get: 

j — nij mod 4y = — ^j + nij, 

while 2My — 2my ^ kj, i.e. 2My — my — kj ^ —my. In this case, we must have 
My ^ and nij ^0; thus: 



nij mod 4y 



= fcy — My + nij — My 



-Irij + nij+kj ^ —my = |my|. 



Thus, we always have, for all m, m E 4- 

(3.12) ||[m — m mod 7j.]| — ^ |m|. 

Consequently, by Notation | |3.37t and Equations | |3.11| |, | |3.12| |, we have the fol- 
lowing cases: 

• If {|«|,|[n-m mod 4]|} C {0, . . ., N} U {N + M, oo} then: 

ml 



|^fN,M([n-?« mod 4]) - z<;]v,m(w)| = ^ 



M 
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Wnm'M-^ mod 4]) -a^N,M(n)| 



M 



• If ^ |n| ^ N and N ^ [« - m mod Z^] ^ N + M then: 



|ii'N,M([« - m mod h]) - rfN,M(«)| 



N + M-\[n-m mod 4] I 

^ ) ' ' ^ -I r 



M 

[n — m mod 4] | — 



M 

[n — m mod /j-] 



M 



The same computation as above shows that if \[n — m mod 4] | ^ N and 
W ^ \n\ ^ M, then again: 



kN,M([« - m mod - Ji'N,M(«)| ^ 



\m\ 



• Assume now that \n\ ^ N + M while N ^ | [« — m mod 4] I ^ N + M. 
Then: 



|k'n,m([w - m mod Z^t]) - ii'N,M(w)| 



M + N —\\n — m mod 4 



M 

— — m mod 4]| I?"! 
^ M ^ "M ■ 

• A similar computation shows that if N ^ \n\ ^ M and \ [n — m mod 4] I ^ 
M + N then: 



kN,M(["-m mod 4]) - a^N,M(")| 



|7n| 



Last, if either |«| ^ N and \ [n — m mod 4] I ^ N + M or |n| ^ N + M and 
\[n — m mod 4] ^ ^ then: 



\ni\ \\n\ — \[n — m mod 4] 



^ 1 = |ri^N,M([" - m mod 4]) - ri^N,M(n)|- 
Thus, by Equation (|3.10t , for all n,m & Ii^ we have: 

while for all m ^ I^,n ^ 4 we have: 



|OT| 
2 ^ M"' 



= 0. 
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Let f = (^n)„g^ii e f-{'£'^). Then for all m E Ik we have, using the Pythagorean 
Theorem (as co-n^w ^k,(T (^ij^tC™) ) "^^P^ canonical basis to an orthogonal fam- 
ily by Equation | |3.6| |): 

2 



E \U 



ne2 



^ E \U 

nek 



en 



M2" 



Hence our result is proven. 



□ 



We are now almost ready for the main result of this section. As its proof is rather 
long, we isolate a lemma which will prove useful in our construction 

Lemma 3.39. For all N e M, let be the projection on the span of {e„ : |« | ^ N} in 
f{Z'^), where ( 

^™)meZ'* !s the canonical Hilbert basis o/£^(Z''). For any positive trace 
class operator A on £^{1i'^) with trace 1, and for any e > 0, there exists N G IN and a 
positive trace class operator B of trace 1 such that PjvBPjv = B and \\A — BH^^ < £. Note 
that for such an N, e and B, we have PnBPn = Bfor alln^ N since, P^qPn = Pn- 

Proof. For any pair of vectors G ), we denote the inner product of 

of ^andpcas {l„x)- 

Since A is a positive compact operator, let {^n)ne'E be an orthonormal basis of 
e^{Z^) such that: 

where A„ e [0, 1] for all n e IN, and Enez'' ^n = ^- 

Let Ni e IN be chosen so that En6Zrf |«|>m < |e for all m > Ni. Let: 

A'= E A„(-,^„)?„. 



By construction: 

Let N e F so that, for all m E Z'^ with |m| ^ Ni, we have: 



\A-A'U^<-. 



(3.13) 



■ ?m 1 1 2 



which can be foimd since {^m : m E 1j and \m\ ^ Ni} is finite and {Pn)n&m 
converges to the identity in the strong operator topology. 
Let: 



rim = Pn^ui = E {^m,en)en 
ne1,'^:\n\^N 



for all m e Z", \m\ ^ Ni. 
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Define: 

a!' = ^ '^m{'/Vm)lm/ 

meZ'':|m|<Ni 

and note that A", as the sum of positive operators, is a positive operator; moreover 
A" is a finite rank operator such that PnA"P]v = A". 

We now have: 
(3.14) 

\\A-A"U^ <: \\A-A'U^ + \\A'-A"U^ 



E ^n{{-,^n)Sn- {■,rin)Vn) 

neZ'l:\n\siNi 



E ^n{\\{-,^n-nn)^nhi + \\{-,t]n){^n-J1n)\\&i)- 
tt6Z'':|tt|<Ni 

Now, for any ^ E we have {{■,x)0* = 

i(..)ciHi.ikiiab(.,^)4. 

so: 

(3.15) \\{;x)a^, = \\x\\2\\a2- 

From Inequations (|3.13|l , l|3.14|l , and l|3.15t , we conclude: 

tt6Z'':|i!|sCNi 

To conclude, let B = jj^^^A". Now, B satisfies Pj^BPj^ = B as A" does, and 

since A" is positive, so is B. Moreover, tr(B) = ||B||£j =1 as, again, B is positive. 
Moreover: 



\\A-By^ ^ \\A-A"U^ 



A" 



rA" 



^\\A-A"U^ + \1-\\A"U^\ 

= ||A-A"||o, + |||A||£,-||A"||£^ 



^2||A-A"||£j 

This concludes our lemma. □ 

We now establish the fundamental example of this paper: 

Theorem 3.40. Let d E IN \ {0,1} and a a skew-bicharacter of Z"*. Write co'^ = 
(oo, . . . , oo) E INff . Let I be a continuous length function on V^. Then: 

Proof. Let e > be fixed. By Theorem | |3.16t , there exists (p : TU'' — )■ IR and an open 
neighborhood fig C S'^ of (oo'*, a) in S'' such that: 
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(1) For all (c,0) e Qq and for all a € sa(C*(Z;?,0)) we have: 

(2) There exists a finite subset S of Z'* containing such that, for all (c, 0) G Oq, 
the restriction of the canonical surjection : Z'' — > Z|? is injective on S 
while the range of a^g is the span of {U^g ■ p G qc{S)}. 

Since is compact, we assume that Og is chosen to be a compact neighborhood 
of (oo'', cr), shrinking it if necessary. 

Let y = {/ e £'^{Z'^) : yn ^ S f{n) = 0}. By construction, V is a finite 
dimensional subspace of ^- Let: 

(3.16) K = max{|;«| : m e S}. 

Now, for all {c,6) E Oq, we note that the dual action a^^e of on Sl^ e given by 
Theorem-Definition | |3.12| | leaves V invariant. By [31 , Proposition 2.2], the vetor 
space of elements v in V with Li ^g{v) < oois dense in V, and thus is V as any 
subspace of V is closed since V is finite dimensional. We thus conclude that V C 
dom(L; ,, 0) for all {c,6) E Oq. 

Now, let E be the kernel of the linear map on V defined by / G V 1— > /(O) 
(note that this map is, in fact, the restriction of the tracial state on 21^,^ for any 
(c, 6) E Og). Thus, E is a complementary subspace of RSq inV — note that Vc{Sq) 
is the unit of 21^ e for all (c, 0) E S''. Let E be the unit sphere in E for the norm 
II • 111- 

As an important change of notation, to improve the readability of the following 
computations, we note that since qc restricted to S is injective. Lemma | |3.23l l im- 
plies that Vc is an injection for all (c, 6) E Oq, which in turn allows us to identity 
V with a subset of ^c,e for {c,6) E CIq and drop the notation Vc with no confusion. 
We shall thus do so. 

By Corollary | |3.32| | and Theorem | |3.33l l, as £ is a finite dimensional subspace of 
£^(Z''), the functions If : {f,c,6) e S x Oq 1— > L(.^g(/) is jointly continuous. Since 
Z, X Oq is compact, the function If has a minimum on S x Og. We set: 

(3.17) y = min If. 

Ex do 

By assumptions on Lip-norms and since Z, contains no scalar multiple of the unit 
of any 21^,0 for any (c, 6) E S"*, the real number y of If is strictly positive. 

We now need some facts about continuous fields of states. Let 1^,0 be the restric- 
tion of Li i^g to E for all {c,9) E CIq. Since Li^^^g{v) = implies that v E RSq for 
any v E Vhy definition of Lip-norms, and since we saw that V C dom(L; ^ g), we 
conclude that is a norm on E. Let \*g be the dual norm of l^^e, defined on the 
dual E* of E, i.e.: 

Vf/ E E* \*g{p) = sup{\p{v)\ : z; e E and li,c,eM ^ 1}. 

One checks that for all v E E, the map (c, 0) E Og 1— > \*c0{'^) is continuous, since 
{c,9,v) E a X E I—)- \c,ei^) is jointly continuous and by [40,. Lemma 10.1]. As 
also shown in Il40l Lemma 10.1], there exists a norm 1| ■ ||* on the dual E* of E 
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such that, for all {c,6) E Oq, we have l*g ^ || ■ ||*- Now, since E* is finite dimen- 
sional, and I* ^ and 11 ■ 11 * are norms on £*, there exists a constant 1 such that 

OO^'^U MM ^ 

II ■ II* ^ ^'*oo'' u^'-^' important to take note that by Definition (12. 6L we have 
'^^Li.giV''^) ^ 'c ~ ^) ('^'^) ^ ^0 arid }i,v E ,5^{%^fi), where we denote 

the restrictions of ji and v by the same letters. 

Now, let be the set of all positive trace class operators on of trace 1. 

For any A G , we define: 

!/^^ : T e <B(^2(^rf)) , — ^ tr(Ar). 
By ||9l Proposition VII 5.2], since n^d ^ is faithful, the set: 

is a weak* dense subset of ^(2t^d |^). Since mkL^ ^ metrizes the weak* topology 

of o5^(2tj^d 1^), and this space is compact, there exists a finite subset ^ C £|+ such 
that, for all (p e there exists A E'S such that: 

(3.18) '"K^o.M' ° < iffc- 



Let D = diam (^^(2t^d ^r)' '^'^L, ^ j ■ For ^riy N e IN, let Pm the projection on 

the span of {ej : \j\ ^ JV} in By Lemma (l339t , since is finite, there exists 

N G IN and a finite set ^Jjv such that: 

• for all A E d, there exists B G S'n such that ||A — B||£j < 

• For all B E ^n, we have PnBPn = B^n = Pn^ = B. 

Let A G 5", and choose B G 5'n such that ||A — B||£j ^ WcD- ^ ^ ^oo<t a with 
kooV(") ^ 1- 1,32], there exists t E R such that ||fl + tlLv ^ ^- Then,' 
(3.19) 

= |tr((A-B)7r^,^^(fl + fl))| 
^ ||(A-B)7r^,^^(fl + n)||£j 

< ll^-B||£ill« + fl|locV 

^ D = . 

12A:D 12A: 

Thus, we conclude from Inequations l|3.18|l and l|3.19t : 



e 



l,tx'l,cr ' ' OK 

In particular, for any cp E y{^oo,a)f there exists A G "Sn such that: 

(3.20) ' e 

where we used the same names for cp and i/^gi o ttj- and their restrictions to £. 

For all (c, 0) G Oq, the space V is identified with a subspace of sa(2tc,e) contain- 
ing the unit, and thus V is endowed with an order-unit space structure associated 
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with the norm || ■ \\cfi; let ^(y|c, 0) be the state space of V with this order-unit 
space structure. Note that the unit is always Sq for all (c, 6) E Hg, and thus we will 
omit it from our notations. 

By Lemma (|3.31t , for any v G V, the function (c, 6) E CIq ||u||c,e is continuous 
(using m = \\ ■ ||i, in the notations of Lemma (I3.31t ). Moreover, for each A G 
and V E V, the function: 

is continuous, by Lemma (|3.28t and Theorem (I3.26L 

By [40. Lemma 10.11], there exists a compact neighborhood Qi C Og of (oo'*, a) 
such that, for all (c, c^) E Oj, and for all cp E .y{V\c,9), there exists A E such 
that: 

II , II* ^ 

where, by a slight abuse of notations, we identified the states ipj\ o tt^ g and cp with 
their restrictions to E. 

Let (c, 6) E Oi. Since \*g ^ || ■ ||* on E*, and since all states map the unit to 1, 
we conclude that, for all cp E y{V\c,6), there exists A E such that: 

(3.21) sup{\cp{a) - ipAOTZ,^g{a) \ : a e V and L/^c,0(«) ^ 1} ^ |- 

The expression in the left hand-side of Inequation (|3.21t is the Monge-Kantorovich 
metric on S^{V\c, 9) associated with the restriction of \-ic,e to V; we shall not need 
to worry about introducing a notation for this. 

Let cp E S^{^c,e)- There exists A e such that Inequation l|3.21t holds. Now, 
for any a E 5a{%c,e) with L; g(fl) ^ 1, we have: 

\cp{a) -ipAO TZcfi{a)\ ^ l^(fl) - cp{af^g{a))\ + \cpoaf^g{a) -ipAO ncfi{af^g{a))\ 

+ o 7Tc,0(af^e(^)) - "/'AO 7Zcfl{a)\ 
e £ £ 
^4 + 2 + 4' 

since L,^,^g{af^g{a)) ^ L,^c,e(«) andaf g{a) E V. 
So we conclude that for all (c, 9) E Oi, we have: 

(3.22) h^kL, „ (^(2lc,e), {^A o 7ic,e ■ A E ;?n}) ^ £• 



Let M e IN be chosen so that < ^i^^ V defined by Equation | |3l7t and K 
defined by Equation (|3.16|l . We define, using Notation (|3.37t as in Theorem l|3.38|l : 



|^N,M = Diag m'n,m(") 



n E 



Note that the 1 -level of CiJ^M thus chosen contains {ip^i : A G S^jv} since by 
construction, Pni^n = (^AffN = ^n, so by definition (<B(^^(Z''), o^n^M/ 'r^cx.i^cr, ^cfi) 
is a bridge from 2l^,( ^ to Sl^^g. 

Let 02 C Qj be a compact neighborhood of (oo'', cr) such that, for all (c, 0) G 
we have N + M ^ Ac. 
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By Theorem (|3.33t , together with Lemma (|3.31t , choosing || ■ ||i for m, we see 
that the map: 

df : {f,c,e) e Z X 02 ^ |L,,e(/) - L^v(/)l 
is jointly continuous. Similarly, by Corollary | |3.29t , and using the same method as 
used in the proof of Lemma I I3.3H , the map: 

cf : {f,c,6) e y X Q2 I — y \\{n^d^^{v),{f)) - Ticfi{vc{f)))tvj^,M\\^d 

is jointly continuous. Thus cf and df are uniformly continuous on the compact 
E X Q2. We can therefore find a compact neighborhood Q of (co'^ ,a) in Q2 such 
that, for all (c, 6) G H, and for all / G E, we have: 

1 

\^^C,Af)-^cfi{f)\<\^y^- 

We now prove that, for all (c, 0) G Q, we have: 

which will prove our theorem. 

Let (c, 0) G n. The bridge we wish to consider is given by: 

7 = (»(£2(z'')),a;N,M, TT^V "^cfi) ■ 

By construction: 

I/'aIII®!' — '^N,M)*(l>B'i — <^N,m)) = ^Aii'^fQd — a;jv,A4)(l(grf - <x)js!,m)*) = ^ 

for all A G Jn- Thus, by Inequations l|3.22t and Definition (|2.37t , we have the 
following bound on the height of 7: 

(3.23) e (7 



It remains to compute the reach of the bridge 7. 

Let G I. C sa(2tp3rf ^), and note that L; c,e('') > by definition of E. Set: 

h = ' , . a. 

By construction, \-i,c,e{b) = L;^^ d^^(a). 

Now, using Theorem I I3.38I I, since for all (c, 0) G O we have N + M ^ Ac, we 
have for all d = I]„gs A„(5„ G E, with (A„)„g5 a family of scalar: 

\\[<^NM''^c,e{d)]\\(sd ^ \Kn\\\[(^NM'^cfi{5m)\\(Qd 

^ M ^ 4' 
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since, again by definition of Z, as the unit sphere in E for 1 1 ■ 1 1 j , we have J^,„ g s I 
1. 

We thus have, using ||a;N,M||<Brf = 



4 

+ ll(7rc,e(fl) - ^c,e{b))\\<B'> 



^ £ £ 



^ _ '-;,oov(a) 
kc,e(«) 



^ 1 , . X , |L;,~v(«)-'-/,c,e(«) 



2 '"^ ^ 



Now, let a = a' + flgi ^ G V with a' G S. A quick computation shows that, if 
L 

^ ~i 
(3.24) 



b' = and = fc' + fl^ „, then: 



3£ 



Now, let d € V and let a e E with d — a & M,Sq. Let r = If r = 0, then 

d = tlgt for some t G R, and we check easily that if e = flgt „ then we have 
k^V^^) = '-,^,^e(e)(= 0) and ||7r^rf^^(d)a;N,M - ^^N, M^c,e{ e)\\^d = 0. 

Otherwise, pick b e sa(2lc,e) given by Equation 03.241 for a = r^^d, and set 
e = rc. Then again, by homogeneity: 
(3.25) 

3e 

^ l-;,ooV(d) and \\n^d^^{d)wN,M - ^NM^c,e{^)\\'B'' ^ ^k^V^^)- 



Last, let a E ^oo<t a- ^' ~ oo'' a^'^^' ^' ^ there exists, by Equation 

I l3.25t , an element b E 5a{'Qlcfi) such that: 



(3.26) 
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Then we have (again, using ||a;N^M||iB'' = 1)' 

+ ll^oo'',cr(^')'^N,M — ^N,M'"^c,e{b)\\<S'' 



< 



+ £'-,^^rf^^(fl) as ||a;jv,M||>Brf = 1/ 

£, , , 3£ 



£ 3£ 



In conclusion, for all a € dom(L; ^j^^^), there exists b E sa(2lc,e) such that 

The above reasoning applies equally well with the roles of (oo'', cr) and {c,6) 
reversed. This proves that: 

Together with Equation (|3.23t , we have thus, by Definition | |2.38t , that: 

Consequently, if T = (21^^ ^, Lj. 7, 2lj.^g, L;^ g) is the canonical trek associated with 
7, we have A (T) = A |^7 L; ^, L; ^ e, and thus by Definition (|2.43t we have: 

as desired. □ 

Remark 3.41. As the construction of Theorem | |3.40t involves a trek with a single 
bridge. Theorem | |3.40t also holds if we replace the quantum propinquity with 
Rieffel's proximity [36| or with the quantum propinquity specialized to compact 
C*-metric spaces (or any class of Leibniz quantum compact metric spaces which 
contain the quantum tori and the fuzzy tori). 

Thus, the quantum Gromov-Hausdorff propinquity allows one to talk about 
convergence of fuzzy tori to quantum tori in a stronger sense that in flH]; in par- 
ticular the convergence preserves the C*-algebra structure, per Theorem | |2.52t . 

We conclude by a remark about continuity for fuzzy tori for the quantum propin- 
quity The proof of Theorem (|3.40t can be adjusted to show that: 

if fc G M^, by replacing a'N,M with the projection on span{e„ : n e 4}. In fact, 
the proof is somewhat simpler, as in fact it takes place on the finite dimensional 
span{e„ : « e 4} ^rid does not require Theorem | |3.38t . 

We observe that the use of a bridge of the form {'^{(P-{l/)) , co , n, p) with co a 
compact operator was essential to take advantage of the strong-operator-topology 
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continuity given by the field of quantum and fuzzy tori. This illustrates the poten- 
tial to apply the quantum propinquity to a large class of examples. The study of 
the topological and metric properties of the quantum Gromov-Hausdorff propin- 
quity and of its applications to continuous fields and other examples will be the 
matter of an upcoming paper. 
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